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Abstract

A standard monad of continuations, when constructed with domains in the world of
FM-sets [4], is shown to provide a model of dynamic allocation of fresh names that is
both simple and useful. In particular, it is used to prove that the powerful facilities
for manipulating fresh names and binding operations provided by the “Fresh” series
of metalanguages [15,17,18] respect a-equivalence of object-level languages up to
meta-level contextual equivalence.

1 Introduction

Moggi’s use of category-theoretic monads to structure various notions of com-
putational effect [7] is by now a standard technique in denotational semantics;
and thanks to the work of Wadler [21] and others, monads are the accepted
way of “tackling the awkward squad” [8] of side-effects within pure functional
programming. Of Moggi’s examples of monads, we are here concerned with
those for modelling dynamic allocation of fresh resources!. Since these are
not so well-known?, let us recall a simple example of such a monad, T. It
is defined on the category of Set-valued functors from the category I of fi-
nite cardinals (i.e. the finite sets n = {0,...,n — 1} for n = 0,1,2,...) and
injective functions between them. Thus an object A of this functor category
gives us a family of sets A(n) of “A-values in world n”, where n is the num-
ber of names created dynamically so far; and each injection of n into a larger
“world” n’ gives rise to a coercion from A(n) to A(n’). Then the monad T
builds from A an object T'A of “computations of A-values” whose value at
each n is the dependent sum TA(n) ¥ S,cA(n +m) = {(m,z) | m €
I Az € A(n+m)}; such “computations” simply create some number m of
fresh names and then return an A-value in the appropriate world, n +m. The

I In this paper the only type of resource we consider is freshly generated names.
2 Dynamic allocation monads are not mentioned in [7], but do appear in [6,
Sect. 4.1.4].



action of T on a natural transformation o : A — A’ produces the natural
transformation T'ov : TA — T A’ whose component at n € I is the function
(Ta), : TA(n) — TA'(n) mapping (m,z) to (m, apim(x)). When A is the
object of names itself, given by A(n) =n = {0,...,n — 1}, there is a distin-
guished global element new : 1 = [(0, —) — T'A corresponding under the
Yoneda Lemma to the element (1,0) € X,,e;m = T A(0); this represents the
computation whose evaluation creates a name that is fresh with respect to the
current world.

Although this is an attractive notion that has had nice applications (see [19],
for example), such dynamic allocation monads on functor categories have
proved at best difficult and at worst impossible to combine with some other
important denotational techniques—those for modelling recursively defined
higher-order functions and algebraic identities. The difficulty with higher-order
functions is that while domains in functor categories do have exponentials,
they are quite complicated things to work with in practice because of the
indexing over “possible worlds”. The difficulty with algebraic identities, such
as

(let x <=newine) = e, ifz notfreeine (1)
(let z < new; ' < new ine) = (let 2’ < new; z < new ine) (2)

is that quotienting dynamic allocation monads in order to force such identities
interacts badly with the order-theoretic completeness properties used to model
recursive definitions. In this paper we get past these problems with recursively
defined higher-order functions and algebraic identities in two steps, both of
which turn out to greatly simplify matters.

First, we replace use of functor categories with the category of FM-sets [4].3

Although this is equivalent to a category of functors,? working with it is
almost entirely like working in the familiar category of sets: in particular
exponentials are straightforward, as is the basic theory of domains in FM-
sets [18,16]. FM-sets are certain sets equipped with an action of the group of
permutations of a fixed, countably infinite set A of atoms; the key property
of FM-sets is that their elements have finite support, a notion which provides
a syntax-free notion of “set of free names”. The existence of finite supports
enables the dependence of semantic objects upon parameterising names to be
left implicit—a convenient simplification compared with the explicit passing of
parameterising name sets inherent in the “possible worlds” /functor category
approach.

Secondly, we feed back into denotational semantics the operational insight of
[13] that in the presence of fixpoint recursion, it is easier to validate contextual

3 Also known as nominal sets in [11].
4 The ones from I to Set that preserve pullbacks.



equivalences like (1) (and many other more subtle ones that do not concern
us here) by forgetting about evaluation’s properties of intermediate name-
creation in favour of its simple termination properties. This leads to use of a
Felleisen-style operational semantics [22], except that we formulate Felleisen’s
“evaluation contexts” as frame-stacks: see [10] for a recent survey. If D is
the domain of denotations of values of some type, then frame-stacks can be
modelled simply by elements of the strict continuous function space D — 1
where 1, = {L, T} (one element for non-termination, the other for termina-
tion); and since expressions are identified if they have the same termination
behaviour with respect to all frame-stacks, we can take (D — 1,) — 1, as
the domain for interpreting expressions. Thus we are led to the use of the
following continuation monad ®

()M E (= —11) -1, (3)

The notion of “finite support” now enters the picture: within the world of FM-
sets, the domain of names is simply a flat domain A | on the FM-set A of atoms.
We get an element new € (A} —o 1,) —o 1, that models dynamic allocation
by defining new to send any &« € A} — 1, to a(a) € 1, where a € A is some
atom not in the support of the function o. Not only do standard properties
of support make this recipe well defined (the value of a(a) is independent of
which a we use), but new turns out to have good properties, such as (1) (see
Remark 4.5).% We review those parts of “FM-domain theory” that we need
in Section 3.

It might seem that the continuation monad (— — 1,) — 1, on FM-domains
is too simple to be useful. We show this is not so by using it to prove some
extensionality properties of contextual equivalence for the “Fresh” series of
metalanguages [15,17,18]. In particular we give the first correct proof of the
main technical result of [18],” which shows that FreshML’s powerful facili-
ties for manipulating fresh names and binding operations do indeed respect
a-equivalence of object-level languages up to meta-level contextual equiva-
lence. Section 2 introduces a small version of FreshML, called Mini-FreshML,
and states the properties of contextual equivalence we wish to prove. Sec-
tion 3 gives a monadic denotational semantics for Mini-FreshML using the
monad (3) on the category of FM-cppos. We prove the adequacy of this de-
notational semantics for Mini-FreshML’s operational semantics by extending
some standard methods based on logical relations for relating semantics to syn-

® Tt is possible to use other continuation monads, by replacing one or other uses of
—o in (3) by other kinds of function space, but this simple version is enough for our
purposes here.

6 new is closely related to the “freshness quantifier” W introduced in [4].

" In [18] the authors attempted to use a direct- rather than continuation-based
monadic semantics that turns out to have problematic order-theoretic completeness
properties.



tax [9]. Section 4 uses the logical relation from the previous section to prove
the desired extensionality and correctness properties for Mini-FreshML’s rep-
resentation of object-level syntax involving binders. Finally in Section 5 we
draw some conclusions.

2 Mini-FreshML

We present a small, monomorphic language Mini-FreshML that encapsulates
the core freshness features of FreshML [18] and Fresh O’Caml [15]; the reader
is referred to those papers for motivation of the novel language features for ma-
nipulating bindable names (expressions of type name) and name-abstractions
(expressions of type <<name>>7). Mini-FreshML types 7 are given by the fol-
lowing grammar:

7T :=unit |name |d | 7 X 7 | <<name>>T | T — T

Here 6 ranges over a finite set of datatype names and we assume each 6 comes
with a top-level, ML-style type declaration of the form

d = C, of o4l ---1C,, of o, (4)

where the C, are constructors and the corresponding constructor types o} are
generated from the same grammar as types 7 and in particular may involve
(simultaneous) recursive occurrences of the datatype names 6. Mini-FreshML
expressions e are given by the following grammar, where x ranges over a de-
numerable set VId of value identifiers and a ranges over another denumerable
set A, disjoint from VId, whose elements we call atoms (these are the closed
values of type name).

ex=x| QO |a|Ckle) | (e,e) | fresh | <<e>>e | swap e,e in e
| if e = e then e else e|funz(z) = e |ee|let z =€ in e
| let (z,2) = e in e|let <<a>>r = e in e
| match e with (---[Cp(z) -> el ---)
Note that local declarations of the form let x = e in € are included more
for convenience than necessity; since we have excluded ML-style polymor-
phism from Mini-FreshML (in order to keep things simple), this expression

has the same typing and evaluation behaviour as the function application
(fun f(z) = €)e (where f is a value identifier that does not occur in ¢’).

The values (i.e. expressions in canonical form) of Mini-FreshML, v, form the



subset of expressions generated by:
v o=z |0 lal|C@ | (w,v) |<<a>>v | fun z(z) = e

We identify expressions up to a-conversion of bound value identifiers; the
binding forms are as follows (with binding positions underlined):

fun z(2') = [-], let z = e in [-], let (z,2) = e in [—],
let <<a>>1’ = e in [-], match e with (---[|Cx(z) > [—] | --+).

We write e[v/x] for the capture-avoiding substitution of a value v for all free
occurrences of the value identifier x in the expression e. We say that e is
closed if it has no free value identifiers. Even if e is closed, it may well have
occurrences of atoms a in it; we write supp(e) for the finite set of atoms
occurring in e.® Note that there are no expression constructions that bind
atoms; in particular, although abstraction expressions <<e>>e’ are used to
represent binders in object-level syntax, they are not binding forms in Mini-
FreshML itself.? In what follows we make heavy use of the operation on
expressions of swapping atoms: (a a’) - e indicates the result of interchanging
all occurrences of the atoms a and o’ in the expression e.

We only consider expressions that are well-typed, given a typing context I'
consisting of a finite map from value identifiers to types. We write 'ke : 7 to
indicate that e is assigned type 7 in such a typing context I' (and omit mention
of I" when it is empty). This relation is inductively generated by rules that
are mostly standard and which are given in Appendix A. Let us just mention
here that atoms a are assigned type name; and that if e is an expression of
type name and €’ one of type 7, then the abstraction expression <<e>>¢’ has
type <<name>>T.

Evaluation of Mini-FreshML expressions can be formalised operationally using
a “big-step” relation |} on 4-tuples (@, e, v,@ ), written @, e |} v,@. Here e is a
closed expression, v is a closed value, and @ C @ are finite sets of atoms with
the atoms of e contained in @. The intended meaning of this relation is that in
the world with “allocated” atoms @, the expression e evaluates to v and allo-
cates the fresh atoms @ — @ (evaluation of fresh and let <<z>>2’ = e in ¢
causes dynamic allocation of fresh atoms—see below). Further details of the
relation are given elsewhere [18]. Instead, in this paper we use an equivalent

8 The reason for this notation is the fact that this set of atoms is the support of e
in the technical sense introduced in Section 3.

9 Tt is one of the main results of this paper (Theorem 2.3) that the properties of
Mini-FreshML contextual equivalence are such that atoms in e occurring in ¢’ behave
up to contextual equivalence as though they are bound in <<e>>¢’; for example for
atoms a, b then <<a>>a turns out to be contextually equivalent to <<b>>b.



operational semantics based on the notion of frame stacks, or “evaluation con-
texts” [22]; see [10] for a recent survey of this technique. This abstracts away
from the details of which particular atoms and values have been allocated and
instead concentrates on the single notion of termination. In this formulation,
as evaluation proceeds a stack of evaluation frames is built up. Each of these
frames is a basic evaluation context: inside is a hole [—] for which may be
substituted another frame (as when composing frames to form a frame stack)
or an expression, which may or may not be in canonical form. Formally then,
a frame stack S consists of a (possibly empty) list of evaluation frames, thus

Su=][]|SoF

where F ranges over frames as follows:

Fim (=D | (=1e) | @,[=) | <<[-Jpve | <<uw]]
| swap [—|,e in e | swap v,[—| in e | swap v,v in [—]
| if [-] = e then e else e | if v = [—] then e else ¢
| Flelvl=] | let 2 =[] in e
| let (x,2') =[] in e | let <<a>>2' = [-] in ¢

| match [—] with (---[Cp(z) —> el---)

Then the termination relation (S, e)] (read “e terminates when evaluated with
stack S”) can be inductively defined by rules that follow the structure of e
and then the structure of S. For example:

e (S, fresh)| holds if (S,a)| does for some (or indeed as it turns out, for
every) a € A — supp(S), i.e. for some atom a not occurring in the frame
stack .S.

o (Solet <<z>>1' = [—] in e,<<a>>v)] holds if (S,e[a’/x, ((a a') - v)/2'])]
does for some (or indeed every) a’ € A — supp(S, v, e).

The complete definition of the termination relation is given in Appendix B.
Since we have not defined the “big-step” relation |} here, we state the following
relationship between it and the termination relation without proof; the details
can be found in [16].

Fact 2.1. For any closed Mini-FreshML expression e, {[|,e)| holds iff for any
finite set @ C A containing the atoms of e, the relation @, e |} v,a holds for
some value v and set of atomsa Da. O

Just as we only use well-typed expressions, we only consider well-typed frame
stacks: we write [' .S : 7 — _ to mean that in typing context I', the frame
stack S takes expressions e of type 7 (in context I') and produces a well-typed



result (of some type that we do not need to name, since we only care about
the termination of e when evaluated with stack S). This judgement is defined
by induction on the length of the stack S by:

L= :7FF 7 TFS:7 —_
CH[ :7—_ 'FSoF : 77— _
where in the hypothesis I, [—] : 7 F : 7’ of the second rule, we regard [—|

as a special value identifier and type F using the typing rules for expressions
given in Appendix A.

In [18], it is claimed that the features of Mini-FreshML that are novel com-
pared with ML can be used to represent and to manipulate the terms of
languages involving binding operators in ways that are guaranteed to respect
a-equivalence between those terms. That paper shows that a wide range of
syntax-manipulating functions can be very conveniently expressed using the
new features. Here we wish to give a formal proof of the fact that a-equivalence
between the terms of an “object language” is respected by Mini-FreshML when
we represent those terms as expressions of a suitable Mini-FreshML datatype.
For simplicity we use the untyped A-calculus as a running example of an ob-
ject language involving binding operators. 1 Write A for the set of A\-terms t,
by which we mean abstract syntax trees (not identified up to a-equivalence)
given by
tu=x|dx.t|tt

where for variables z we are using elements of the set VId of Mini-FreshML
value identifiers. To represent such terms in Mini-FreshML we use a top-level
type declaration containing:

d = Var of name | Lam of <<name>>§ | App of & X ¢ (5)

For each A-term ¢, define a Mini-FreshML expression [t|. by induction on the
structure of ¢ as follows.

7] < Var(z)

Az . t]e et # = fresh in Lam(<<x>>[t],) (6)

[t t]e < App([te, [t]e)-

Note that under this translation, free variables in A-terms are represented by
free value identifiers in Mini-FreshML: the set of free variables of ¢ is the same
as the set of free value identifiers of [t].. Note also that in a typing context I'
that assigns type name to each of those free variables, we have I'l-[t], : §. We
want to relate a-equivalence of A-terms, ¢t =, t/, to the operational behaviour

10 However, our results easily extend to any language with binders specified by a
nominal signature [20, Definition 2.1].



of the Mini-FreshML expressions [t]. and [t'], of type 4. To do so, we shall
use the traditional notion of contextual equivalence given by the following
definition. '

Definition 2.2 (Contextual equivalence). The type-respecting relation of
contextual pre-order, written I' - e <. € : 7, is defined to hold if I'e : T,
ke’ : 7, and for all closed, well-typed expressions C'e] containing occurrences
of e, if ([], Cle])| holds, then so does ([], Cl¢'])| (where Cle'] is the expression
obtained from C/[e] by replacing the occurrences of e with e’). The relation of
contextual equivalence, X is the symmetrisation of <. For closed typeable
expressions e and €' we just write e R € when O F e =~y € : 7 holds for
some type 7 (and similarly for <)

In the next section we show how to formulate a denotational semantics for
Mini-FreshML which we use in Section 4 to prove the following theorem (and
other properties of Mini-FreshML contextual equivalence).

Theorem 2.3 (Correctness for expressions). For any A-terms t and t',
with free variables contained in the set {xg,- - ,x,} say,

t =4t < {ro : name,---,x, : name}t [t], Xy [t']e @ 0.

If t and t' are a-equivalent, then their translations into Mini-FreshML only dif-
fer up to renaming bound value identifiers; so since we identify Mini-FreshML
expressions up to a-equivalence, in this case [t], and [t'], are equal Mini-
FreshML expressions and in particular are contextually equivalent. Thus the
left-to-right direction of the above theorem is straightforward and the force of
the theorem lies in the right-to-left direction: if the termination behaviour of
[t]e and [t']e in any context is the same, then ¢ and ¢’ must be a-equivalent.

Remark 2.4 (Representing =,). Since a-equivalence is a decidable relation
between A-terms, it makes sense to ask whether, given a type declaration for
booleans

bool = True of unit | False of unit

we can strengthen the above theorem and represent =, by a function expres-
sion aeq : (6 xd) —Dbool in Mini-FreshML. Such an expression aeq does indeed
exist in Mini-FreshML. Rather than give it explicitly, it is clearer to give the
Fresh O’Caml version of it, since Fresh O’Caml’s richer syntax (in particular
it’s richer language of patterns and built-in boolean operations) enables one
to express aeq more clearly: 12

1'We have formulated the definition using the termination relation |; but note that
in view of Fact 2.1, we could have used the big-step evaluation relation }.

12 Indeed, the user has no need to make this declaration of aeq in Fresh O’Caml,
because the language has a built-in structural equality function =, which at the



let rec aeq(t,t’) = match t,t’ with
Var x, Var x’ -> if x=x’ then true else false
| Lam(<<x>>y), Lam(<<x’>>y’) -> aeq(y, swap x and x’ in y’)
| App(x,y), App(x’,y’) -> aeq(x,x’) && aeq(y,y’)

The Mini-FreshML version of aeq has to use nested match-expressions and
simple patterns to express the above more complicated patterns and also to
express the boolean conjunction &&. The precise sense in which aeq represents
=, is described in Section 4 (see Remark 4.11).

3 Denotational semantics with FM-cppos

The FreshML language design was driven by the ability of the Fraenkel-
Mostowski permutation model of set theory with atoms to model binding,
a-equivalence and freshness of names [4]. So to give a denotational semantics
to Mini-FreshML we could develop the usual notion of pointed, chain-complete
poset in the axiomatic FM-set theory of [4]. This FM-set theory is just classical
ZF set theory with urelements and an axiom asserting a “finite support prop-
erty” (that is incompatible with the axiom of choice, it should be noted). So the
fundamental constructions of domain theory, such as limit-colimit solutions of
recursive domain equations, can be carried out in that axiomatic theory. Such
a change of mathematical foundations demands a certain meta-logical sophis-
tication from the reader which can render the results somewhat inaccessible.
So instead here we take a less sophisticated, but equivalent approach and work
with domains in FM-set theory as ordinary (partially ordered) sets with extra
structure giving the effect on their elements of permuting atoms. '3 Whichever
approach one takes, the main point is that domains in this new setting admit
some relatively simple, but novel constructions for names and name-binding
with which we can give a meaning to the novel features of Mini-FreshML.
We concentrate on describing those new constructs; a fuller development of
FM-cppos is given in [16].

Recall from [11,18] that an FM-set is a set X equipped with an action
perm(A) x X — X written as (7, z) — 7 -z,

of the group perm(A) of permutations of the set A of atoms (thus ¢ -z = =,
where ¢ is the identity permutation; and (m o 7') - x = 7 - (7' - x), where o is

type d declared in (5) already implements aeq; so one can just use t = t’ instead
of aeq(t, t’).
13 Strictly speaking, what we call an FM-cppo below corresponds to an object in
the universe of FM-sets which has empty support and is a cppo in the axiomatic
FM-set theory.



composition of permutations). Furthermore, it is required that every z € X
is finitely supported—meaning that there exists a finite subset @ C A (called
a finite support for x) such that (a a’) - x = x holds for all a,d’ € A —a.
(Here (a a') € perm(A) is the permutation just interchanging a and a'.) Each
x € X in fact possesses a least finite support which we write as supp(z); thus
if a,a’ € A—supp(z), then (a ') -z = x. A function f between FM-sets X and
Y is called equivariant if = - (f(x)) = f(m - x) holds for all 7 € perm(A) and
x € X. The category of FM-sets and equivariant functions is rich in properties,
being in fact equivalent to a well-known Grothendieck topos (of continuous
G-sets, when G is the topological group given by perm(A) endowed with the
finite information topology). Here we will just describe finite products, power-
objects and exponentials in this topos, since the associated notions of finitely
supported subset and function will be important in what follows.

Definition 3.1 (Finite products). The product of X and Y in the category

of FM-sets and equivariant functions is given by the usual cartesian product

of sets X x Y & {(z,y) | s € X A y € Y} with permutation action given by

7 (z,y) of (m-x,m-y). It is not hard to see that with this action (z, y) is finitely
supported because = and y are, and that supp(z,y) = supp(z) Usupp(y). The
projection functions X «— X x Y — Y are equivariant and make X x Y
into the categorical product of X and Y. The terminal object in this category

is just a one-element set 1 = {0} endowed with the unique permutation action

7T-Od§f().

Definition 3.2 (Finitely supported subsets and functions). A subset
S C X of an FM-set X is defined to be finitely supported if there is a finite set
of atoms @ C A such that for all a,a’ € A—a@and allz € 5, (ad') -z € S. The
set of all finitely supported subsets of X becomes an FM-set, denoted P.X, once
we endow it with the permutation action given by 7-S = {w-z | z € S}. The
equivariant subsets S C X are by definition those finitely supported subsets
for which we can take @ to be empty (so that € S implies (a @) -x € S
for all a,a’ € A). (It is not hard to see that the subobjects of X in the
topos of FM-sets and equivariant functions are naturally in bijection with
the equivariant subsets of X, with inclusion of subobjects corresponding to
inclusion of subsets; and PX is indeed the powerobject of X in this topos.) A
function f between two FM-sets X and Y is defined to be finitely supported
if its graph is a finitely supported subset of X x Y’ it is not hard to see that
this is equivalent to requiring that there be a finite subset @ C A such that
for all a,a’ € A—aand all z € X, (a o) - (f(z)) = f((a d)-x) (le fis
“equivariant away from @”). The set of all such functions becomes an FM-
set, denoted YX, once we endow it with the permutation action given by
- f ¥ Az e X r-(f(x ' 2)), where 7! is the inverse of the permutation 7.
(This is indeed the exponential of X and Y in the topos of FM-sets.) Note that
the morphisms from X to Y in the category of FM-sets, i.e. the equivariant

10



functions from X to Y, are precisely the elements of Y that have empty
support.

Remark 3.3. The finitely supported subsets of an FM-set are closed under
the usual boolean operations. In particular, if a finite set of atoms @ C A
witnesses that S C X is finitely supported, then it also witnesses that the
complement (X —S) C X is finitely supported.

We will make use of a version of Tarski’s fixed point theorem in the category
of FM-sets:

Lemma 3.4. An FM-complete lattice is an FM-set L equipped with an equiv-
artant partial order relation T such that every finitely-supported subset has
a greatest lower bound. Given such an L, every element f € LY which is
monotone possesses a least (pre-)fized point.

Proof. The subset {z € L | f(z) C x} is supported by the same finite set of
atoms that supports f and therefore has a greatest lower bound. As usual,
this is the least (pre-)fixed point of f. O

Definition 3.5 (FM-cpos and FM-cppos). An FM-cpo is an FM-set D
equipped with an equivariant partial order C that possesses least upper bounds
(lubs) for all w-chains dy C d; C dy C --- that are finitely supported, in the
sense that there is a finite subset @ C A such that Va,a’ € A —@.Vn. (a d') -
d, = d,. (This is equivalent to requiring that the subset {d, | n > 0} C
D be finitely supported in the sense of Definition 3.2.) An FM-cppo is an
FM-cpo with a least element L; note that since L C (a a’) - L (since L is
least) and hence (a ¢’)- L C (a @) - (a d')- L = L1, we have supp(L) =
(). A morphism f of FM-cpos is an equivariant function which is monotone
and preserves lubs of finitely-supported w-chains. A morphism of FM-cppos,
written f : D o— FE, has the same properties but is also strict (f(L) =
1). FM-cpos (respectively FM-cppos) and their morphisms form a category
FM-Cpo (respectively FM-Cpo ).

Lemma 3.6 (Least fixed points). Given an FM-cppo D, every function f
from D to D that is finitely supported (Definition 3.2), monotone and preserves
lubs of finitely-supported w-chains possesses a least (pre-)fized point fix(f) €
D.

Proof. Just note that the classical construction of fix(f) as the lub of the
chain 1 C f(L) C f%(L) E --- can be used here, because this chain is finitely
supported (by any @ that finitely supports f, since as we noted above, L
always has empty support). O

To each Mini-FreshML type 7 we assign an FM-cppo [7]. To do so we make use

11



of the following constructions on FM-cppos: smash product (—® —), coalesced
sum (— @ —), lifting (—), function space (— — —), strict function space
(— — —), and atom-abstraction ([A]—). All but the last three are just as for
classical domain theory [2]. The FM-cppo D — D’ is given by the FM-set of
finitely supported functions f from D to D’ (Definition 3.2) that preserve the
partial order and lubs of finitely supported w-chains; as usual, the partial order
on D — D' is inherited from D’ argument-wise. The FM-cppo D — D' is the
sub-FM-cppo of D— D’ consisting of those functions that also preserve L. The
FM-cppo [A]D generalises to domain theory the atom-abstraction construct
of [4, Sect. 5] and is defined as follows.

Definition 3.7 (Atom-abstraction). Given an FM-cpo D, the FM-cpo
[A]D consists of equivalence classes [a]d of pairs (a,d) € A x D for the equiva-
lence relation induced by the pre-order: (a,d) C (da’,d’) iff (a a")-d = (a' a")-d’
for some atom a” not in {a}Usupp(d)U{a'} Usupp(d'); the permutation action
is 7 [a)d & [7(a)](r - d) and the partial order is induced by the above pre-
order. The elements of [A]D are indeed finitely supported: one can calculate
that supp(|a]d) = supp(d) — {a}. Finitely supported w-chains in [A]D possess
lubs, which can be calculated as follows: given a chain [ag)dy C [a;]d; E - -
supported by a finite set of atoms @, picking any a € A — @ one can show that
(a, a)-dy C (ay a) -dy C ... is an w-chain in D supported by @ U {a}; taking
its lub, d say, then [a]d is a lub for the original chain [ag]dy C [a1]dy C - --. If
D has a least element L, then so does [A]D, namely [a] L (for any a € A).

As may be expected, all these constructions are functorial. Lifting and atom-
abstraction determine functors FM-Cpo;, — FM-Cpo  ; the smash prod-
uct and sum determine functors FM-Cpo, x FM-Cpo, — FM-Cpo
and the function and strict function spaces determine functors FM-Cpo” x
FM-Cpo, — FM-Cpo,. In fact the action of these constructs on mor-
phisms enriches to locally continuous functors in the following sense. We say
that a functor F' : FM-Cpo, — FM-Cpo, is locally FM-continuous if its
action on morphisms is induced by equivariant functions Fp g : (D — E) —
(FD — F'E) that are monotonic and preserves least upper bounds of finitely-
supported chains. For example when F' = [A](—), Fp g sends f € (D — E)
to the element [A]f € ([A]D — [A]E) that maps [a]d to [a/] f((a a’) - d) where
a’ is any atom not in supp(f) U {a} Usupp(d) (the result is independent of
which such o’ we choose).

For simplicity, we assume there is a single declaration (4) of a datatype § (and

later take the declaration to be (5)).'* Following [9,2], the denotation of §
is the minimally invariant FM-cppo associated with a locally FM-continuous

1 For finitely many datatypes one just has to solve a finite set of simultaneous
domain equations rather than a single one.
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functor £ : FM-Cpo7” x FM-Cpo, — FM-Cpo;:

F(—,+)=F, (- @ -aF, (- +) (7)

where for each type 7 the functor F; is defined by induction on the structure
of 7 as follows:

e
=]
B,
ct

' p (D", D")® F.(D™,D")
€ F(D*,D7) —o (F(D™, D))

Here (—)1+ is the continuation monad (3) defined in the Introduction; 1, and

A, are flat FM-cppos on the FM-sets 1 & {T} (trivial action: = - T o T)

and A (canonical action: - a & 7(a)). Just as Lemma 3.6 shows that least

fixed points can be constructed in the usual way, so can minimally invariant
solutions to such domain equations be constructed in this setting using the nor-
mal technique of embedding-projection pairs [9,2] adapted to FM-cppos, using
finitely supported w-chains where classically one uses arbitrary w-chains. '* So
let D be an FM-cppo which is a minimal invariant solution to the recursive
domain equation D = F'(D, D). Thus D comes equipped with an isomorphism

i:F(D,D)~D (8)

and (D, 1) is uniquely determined by the fact that the identity on D is fix(¢),
where ¢ : (D — D) — (D —o D) is given by ¢(f) =io F(f, f)oi L.

We may now define the denotation [7] of a type 7 as [r] & F.(D, D). De-
notations of typing contexts are given using a finite smash product: [I'] L
®.cdom(r) [I'(7)]. The denotations of values v (of type 7 in context I'), of
frame stacks S (of argument type 7 in context I') and expressions e (of type

7 in context I') are given by finitely supported functions'® of the following

15 A Jogically more sophisticated viewpoint is that we are carrying out the usual
construction, but in the axiomatic FM-set theory [4] rather than in usual axiomatic
ZFC set theory.

16 Note that these functions do mnot mnecessarily have empty support (consider
V[0F a : name] for example, where a € A) and are thus not necessarily morphisms
in the category FM-Cpo| .
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kinds:

V[CFov : 7] €[] —o[7]
S[CFS : 7— ] e[l]—[r]"
E[lke : 7] € [I] — [r]*

where for each FM-cppo D we define D+ “p o1, Intuitively, an element

of [[7']]l models a frame stack accepting a value of type 7 and returning T
for termination, or | for divergence. Just as the behaviour of expressions is
determined by any enclosing frame stack, the denotation of some expression in
context is then a function in 7] that accepts the denotation of a frame stack
in context and returns either L or T. Thus, the denotations of expressions in
context make use of the continuation monad (—)** based on an FM-cppo of

“answers” given by 1,. We have the usual two monad operations for (—)++,
namely the unit return € D — D1+ given by
return(d) < X6 € D*.6(d) € DM 9)

and the Kleisli lifting operation lift € (D — E*t) — (Dt — E11) that
sends f € (D — E++) and e € D+ to

lift(f)(e) € Xe € EL.e(Nd € D. f(d)(e)) € E*. (10)

We use the informal notation let d < e in ¢'[d] for lift(f)(e) when f is given
by some expression €'[d] (involving d strict continuously).

The denotation of recursive function values makes use of the least fixed point
operation fix € (D — D) — D from Lemma 3.6. The denotation of the
fresh expression makes use of the element new € (A )+ mentioned in the
Introduction:
E[l'F fresh : name] e [T]. new.

Here new is the element of (A )t that sends each o € (AL)* to a(a) € 1,
where a is any element of A — supp(«) (for each «, there are infinitely many
such a because A is infinite and supp(«) is finite); this gives a well-defined
(strict, continuous) function because for any other a’ € A — supp(«) we have
(a a') - a = « (since neither a nor o' are in the support of «) and hence
a(a) = ((a @) - a)(a) = (a @) - (al(’ @) - a)) = (a @) - (a(c')) = a() (where
in the last step we use the fact that any x € 1, satisfies (a @) - x = x).
The denotation of let <<x>>r = e in €’ expressions involves a similar use
of choosing some fresh a € A (mirroring the dynamic allocation involved in
the evaluation of such expressions), noting that the result is independent of
which fresh a is chosen. '” The full definition of £[-] by induction on the struc-
ture of expressions is given in Appendix C; the definition of V[-] by induction

17 This is just a manifestation of the “some/any” property of fresh names [4, Propo-
sition 4.10].
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on the structure of values and making use of £[-] is given in Appendix D;
the definition of S[-] by induction on the length of frame stacks and making
us of both £[-] and V[-] is given in Appendix E. The “continuation-passing
style” of these definitions is self-evident. Note that since a value is in par-
ticular an expression, it has a denotation qua value, V[I'Fv : 7], and qua
expression, E[['Fv : 7]. The two denotations are related via the unit (9) of
the continuation monad:

Lemma 3.8. Ifv is a value satisfying TFv : 7, then E[T'Fv : 7] = returno
V[[CFov : 7]e[l] — [ O

For closed values v of type 7, we write V[v] for the element V[ v : 7](0)
of the FM-cppo [7] and use a similar convention for closed frame stacks and
expressions.

Remark 3.9 (FM-sets of syntax). Note that the expressions of Mini-
FreshML form an FM-set. The action of a permutation of atoms on an expres-
sion e is given by applying the permutation to the atoms occurring in any syn-
tax tree representing e (recall that we identify expressions up to a-conversion
of bound value identifiers); and then the support of an expression is in fact
the finite set of atoms occurring in the expression. Furthermore, it is easy to
prove that the denotational semantics gives equivariant functions on syntax,
so that, for example (a ') -E[['Fe : 7](p) =E[I'F (ad)-e : T]((a d) - p).
In particular it is the case that supp(E[I'e : 7[(p)) C supp(e) U supp(p).

We wish to use our denotational semantics to prove operational properties
of Mini-FreshML expressions. An important stepping-stone in this process is
the construction of certain type-indexed logical relations which relate domain
elements to values, frame stacks and expressions respectively:

< C [r] x Val, <% C [r]* x Stack, <P C [r]™" x Exp,

T

where Val, is the set of closed Mini-FreshML values of type 7, Stack, is the
set of well-typed frame stacks expecting an argument of type 7 and Exp._ is
the set of closed expressions of type 7. These relations are all required to
be equivariant subsets in the sense of Definition 3.2. We also require them
to be suitably admissible; for example, for each v € Val,, we require that
{d | d <™ v} to contain L and be closed under lubs of finitely supported
w-chains in [7] (and similarly for <% and <®P). Finally, the relations should

15



satisfy the following properties that follow the structure of types:

44, O i~
da a e dtl=d=a (12)
d <5 Cr(v) & 3dj € [op] . d = (ioing)(dy) A dp <5y v (13)

[a]d <L oy <<d/>>v & (ad”)-d <™ (d d”) v
for some a € A — supp(a,d,d’,v) (14)
(di,da) <2, (v1,12) & dy <oy A dy <53 vy (15)
d<™ v e Vd < d(d) <SP v (16)
o<t S & Vdv.o(d) =T = (S,v)] (17)
€ <P e & Vo <k S e(o) =T = (S,e)] (18)

In clause (13), i is the isomorphism from (8) and ing, € Dy —o D1 @®---® D,, is
the kth injection into a coalesced sum. Clause (14) makes use of the support of
a tuple; as in Definition 3.1, supp(a, d, a’,v) = {a} Usupp(d) U {a'} Usupp(v)
(and supp(v) is just the finite set of atoms occurring in the value v—see
Remark 3.9). In clauses (16) and (17), the notation Vd <¥® v . (=) stands
for vd € [r],v € Val, .d <?® v = (—) (and similarly for <% in (18)).
Clauses (17) and (18) define the logical relations for frame stacks and for
expressions in terms of that for values. Clauses (11)—(16) serve to define <1V
at compound types 7 in terms of <1}*!; and <= F(<y, <3?!) is a fixed point
of a certain operator acting on relations (whose definition we give in detail
below). Unfortunately, due to the negative occurrence of <¥* on the right-hand
side of the clause (16) for function types, this operator is non-monotonic; so
it is non-trivial to deduce the existence of a suitable relation <1y®. We do so
by adapting the techniques of [9] to the world of FM-sets, as follows.

For each type 7, let R, be the set of finitely supported subsets R C [r] x Val,
with the desired admissibility property, namely that for each v € Val,, the
subset {d | (d,v) € R} contains L and is closed under lubs of finitely supported
w-chains in [7]. This becomes an FM-set if we define the permutation action
of 7 € perm(A) on R€ R,y tobe - RY {(x-d,7-v) | (d,v) € R}. Partially
ordering its elements by inclusion, it is not hard to see that R, is in fact an
FM-complete lattice (cf. Lemma 3.4), the greatest lower bound of a finitely
supported subset of R, just being given by intersection. Given R~, RT € R,
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define F,(R™, R") € R, by induction on the structure of the type 7, as follows:

Funse(R™, R € {(d, 0) | d€ 1.}
Faane(R,R) € {(L,a) | ac A}U{(a,a) | a €A}
Fs(R™,RY) ¥ Rt
Fecnmmersr (B, RY) ¥ {([a] d, <<a’>>v) | Fa” € A — supp(R™, R*, a,d, d,v) .

((aa”)-d, (a" a")-v) € F-(R™,R")}
Frr (R, RY) € {((d, ), (v,0")) | (d,v) € F(R™,RT) A
(d' W) € Fy(R™,RM)}
Fro(R™,RY) ¥ {(d,fun f(2) = ¢) |
Y(d',v') € F,(R*,R™),0 € [']", S € Stack,..
(V(d',v") € Fu(R™,RY) .o(d’) = T = (S,0")]) =
d(d)(o) =T = (S, (fun f(z) = e) )| }.

(The notation “(d,d')” in the clause for product types indicates the smash

pair such that (d;, dy) dof Line[m] When either of dy € [71] and dy € [rs] are

bottom). Assuming the single datatype d has a top-level declaration as in (4),
we define F(R™,R") € Rs by

F(R™,R") € {((ioiny)(d),Ce ) [ 1<k <n A (dv) € F, (R, R}

Then the relation we seek is a fixed point <} = F(<3?!, <), with the value
logical relation at other types given by <1¥?l e F (<t <.

The definition of R~, Rt — F(R~, R") implies that it is an equivariant func-
tion that is order-reversing in its first argument and order-preserving in its sec-
ond. Therefore F§(R~, R*) % (F(R*,R™), F(R~, R")) determines a mono-
tone equivariant function from the FM-complete lattice R5" x Rs to itself.

Therefore we can apply Lemma 3.4 to deduce that it has a least fixed point,
(A7, A7) say. Thus A~, AT € R; satisfy

o A— = F(A+, A7) and F(A-,A+) = A™.

e For any R~,R" € Rs, if R~ C F(Rt,R™) and F(R™,R") C R™, then
R~ CA™ and AT C RT.

e supp(A~) = 0 = supp(AT).

From this it follows that AT C A~. So to construct <]§al, it suffices to see that
A~ C A*, so that we can take <j*!= A~ = A™T. To prove that inclusion holds,
we appeal to the minimal invariance property of the FM-cppo [0] = D and
the isomorphism ¢ in (8). First, one can prove from the definition of F' that
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the subset {f € (D — D) |V(d,v) € A~ .(f(d),v) € AT} is mapped to itself
by the function ¢ = io F(f, f)oi™': (D — D) — (D —o D) whose least fixed
point is the identity on D. Since that subset contains | and is closed under
lubs of finitely supported w-chains, it follows from the construction of fix(¢)
in Lemma 3.6 that the subset contains the identity on D—which means that
A~ C At as required.

We next give the “fundamental property” of the logical relations we have just
constructed. To state the property we need to introduce some terminology for
value-substitutions, ¢, which are finite partial functions from value identifiers
to values. Given such a 1, we write e[| for the result of the capture-avoiding
simultaneous substitution of ¢)(x) for x in e as x ranges over dom(¢)); similarly
for value-substitutions into values v[¢], and into frame stacks S[¢]. Given a
typing context I', let Substr be the set of all value-substitutions ¢ with domain
dom(T") and such for each x € dom(v), ¢(z) is closed. Given ¢ € Substr and
p € [T'], write p <r ¥ to mean that for each = € dom(p), p(x) <1‘f71x) (x).

Lemma 3.10 (Fundamental property of the logical relations). For all
typing contexts I', values v, frame stacks S and expressions e, we have that

ko @7 = Vp<arv.V[[kov @ 7]p <@ vft)]
'FS 17— _ = Vop<pr.S[CFS : 7— _]p <5tk S[t)]
ke : 7 = Vo<rv . E[l'Fe : 7]p <P el)].

Proof. These properties follow by induction on the derivation of the typing
judgements, using the definitions of V[—], S[—], £[—] and the properties
(11)—(18) of the logical relations. O

Theorem 3.11 (Computational adequacy). Given I'-e : 7, 1) € Subsir
and S € Stack,, then

(S, eyl & ECFe : JVIDSISY = T

where V[¢] € [I'] maps each x € dom(y)) to V[ (x)]. In particular for all
closed typeable expressions e € Exp., values v € Val, and frame stacks S €

Stack., we have: (S,e)| < E[e](S[S]) =T and (S,v)| < S[S](V[v]) =T.

Proof. The first sentence follows from the second one using a substitutivity
property of the denotational semantics

El e - r](V[Y]) = Elelv]] (19)

that is proved by induction on the structure of e (and similarly for values and
frame stacks). The computational adequacy property for closed expressions is
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established by first proving a soundness property
(S,e)l = Eel(S[S]) = T (20)

by induction on the derivation of (S, e)|. The reverse implication is a corollary
of Lemma 3.10: by the fundamental property of the logical relation we have
Ele] <P e and S[S] <tk S; then properties (17) and (18) give the required
implication. O

4 Extensionality and correctness results

We now examine how our denotational semantics of Mini-FreshML can be
used to prove the correctness result stated at the end of Section 2 (Theo-
rem 2.3), which we recall centres around the notion of contextual equivalence.
The quantification over all contexts that is part of the definition of contextual
equivalence makes it hard to work with directly. Instead we make use of an
alternative characterisation in terms of Mason and Talcott’s notion of CIU-
equivalence [5].1® We prove that this coincides with Mini-FreshML contextual
equivalence using the logical relation from the previous section.

Definition 4.1 (CIU-equivalence). We write I'e =, €' : 7 to indicate that
the typeable expressions e and €’ of type 7 (in context I') are CIU-equivalent.
This equivalence relation is the symmetrisation of the CIU-pre-order relation,
written I' e <., € : 7, which by definition holds if 'Fe : 7, 'F¢€ : T,
and for all closing substitutions ¥ € Substr and all closed frame stacks S,
(S, ely])| implies (S, €'[1])|. We write e <y, € (respectively /¢, ) when e and
¢’ are closed expressions and (e <., € : 7 holds for some 7.

To show that CIU-equivalence coincides with contextual equivalence we need
to turn frame stacks into (evaluation) contexts, as follows. The lemma is proved
by a routine induction on the structure of frame stacks, S.

Lemma 4.2. Define an operation mapping frame stacks S to contexts T (5)
by induction on the structure of S':

T[] T(SoF) = (T())F).
Then for all stacks S and expressions e, ([], T (S)[e])] < (S,e)|. O
Theorem 4.3 (Coincidence of =~ with ~y). For any typing context T’

and expressions e, e’ it is the case that I'e <gp € @ 7iff Tte<gu € @ 7.
Thus the relations Xy and ., coincide.

18 CIU = “Closed Instances of all Uses”
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Proof. We prove that <., and <, both coincide with the relation <, defined
from the denotational semantics and the logical relation as follows:

The<ee : T8 Thed : 7 AVp<rv. ELke : 7](p) <O &[]
(where I't-e, ¢’ : 7 is the obvious conjunction of typing judgements). From the
fundamental property (Lemma 3.10) we have I'te : 7 implies 'Fe <. e : 7;
and from property (18) of the logical relation for expressions and the definition
of <. u we have that <, is closed under composition with <., on the right.
Therefore

lFe<gue : T=TFe<e 1 7 (21)

The compositional nature of the denotational semantics and the fundamental
property of the logical relation ensure that if I'e <, ¢ : 7 holds, then so
does Cle] <. C[¢'], for any context C[—] for which C[e| and C[¢/] are closed
well-typed expressions. Then by computational adequacy (Theorem 3.11) and
property (18) of the logical relation we have that ([], Cle])| implies ([], Cle’])].
Therefore

lFe<.e : T=TlFe<yx€ : T (22)

To complete a circle of implications we just have to prove that the contextual
pre-order is contained within the CIU-pre-order. To do so, we first have to
show that the “instantiation” part of CIU, i.e. applying a value-substitution
to an expression, is contextual. But we now know from (21) and (22) that
every ClIU-equivalence is also a contextual equivalence. In particular we have
(-value conversion

Ik (fun f(z) = €)(v) Rty €[v/ 7] (23)

since the corresponding CIU-equivalence is immediate from the definitions
of ~¢, and the termination relation (—,—)]. Because of the way they are
defined, <., and =2 are compatible with the various expression-forming
constructs of Mini-FreshML, i.e. whenever e <. €', then Cle] <.x C[¢/] for
any context C' (and similarly for a2 ). Thus if 'z : 7Fe <ux € : 7 and
kv @ 7, then I'F (fun f(2) = e)v <y (fun f(z) = ¢)v : 7/; and so by
(23), T'Fefv/x] <etx €'[v/x] : 7. From this it follows that we have

ke <ux € @ 7= Vb € Substr . e[th] <ex €'[Y] (24)

Soif 'Fe <ux € : 7, then for all closing value-substitutions ¢ € Substr
and frame stacks S € Stack,, using the congruence property of <., and

(24) we have T (S)[e[v]] <etx T (S)[€'[¢]]; hence ([], 7 (S)[e[v]])] implies that
({], T(9)[€'[v]])] and so by Lemma 4.2, (S, e[¢)])] implies (S, €'[1]) |. Therefore
NFe<uxe : 7T=TlFe<yn€e : 7 (25)

and the circle of implications is complete. O
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Combining Theorems 3.11 and 4.3, we have:

Corollary 4.4 (Equality of denotation). IfE[['Fe : 7] =E['Fe : 7],
then I' e~y € : 7. In particular, if e and €' are closed expressions of the
same type, then E[e] = E[e'] implies e ~eix €. O

Remark 4.5. This result can be used to verify some algebraic identities such
as (1) and (2). For example, if ' e : 7 and z is an identifier not occurring
free in e, then it is straightforward to prove (by induction on the structure of
e) that

E[lke : 7](p) =&, x— 7' Fe : T](plz — d])
for any p € [I], type 7/ and d € [']. Hence for any p € [I'] and o € [r]"

E[l'F1let x = fresh in e : T|po
= E[I'Ffresh : name]p(Aa € [name].
EIl,z : nameke : T](p[x — a])o by definition of E[]
[T,z : nameke : 7](p[z +— a])o for some a € A — supp(e, p, o)

E
E[lke : T]po from above.
Thus by Corollary 4.4, e &~ let z = fresh in e holds when z is an iden-

tifier not occurring free in e. The identity (2) is similarly straightforward to
verify.

Although equality of denotation implies contextual equivalence, we do not
believe that the converse is always true. In other words the denotational se-
mantics is not “fully abstract”, not only for the usual reasons concerning
sequentiality [14], but also because of the subtle examples of contextual equiv-
alence that hold when dynamically allocated names are combined with higher
order functions: see [12,13]. We do not settle this question here, because to
do so would require the development of more subtle techniques for calculating
with our continuation-based denotational semantics. Instead we concentrate
on using the denotational semantics as a tool for establishing extensionality
and correctness properties of Mini-FreshML contextual equivalence. We now
have all the tools needed to prove these properties.

Corollary 4.6 (Extensionality).

(i) For unit values: = v Xy v/ @ unit iff v =0 = Q.

(i1) For name values: b a Ry @' : name iff a = a’ € A.

(11i) For data values: = Cp(v) Rty Cr (V) @ § iff F v &y v 1 O

(iv) For pair values: F (v1,02) Retx (W],05) @ 7 X Ty iff B vy R v] 1 71 and
vy Rcex Uy 1 To.

(v) For name-abstraction values: b <<a>>v Ry, <<a/>>v' : <<name>>T iff
Fo(a a”) v mex (@ a”) -0 7 for some (or indeed, for every) o’ €
A — supp((a,v,d’ V).
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(vi) For function values: & [ =y ' : 7 — 7 iff for all closed v of type T,
Ffome [l T

Proof. First note that by Theorem 4.3, it suffices to prove these extensionality
properties hold with respect to ~,. In each case, the left-to-right implications
can be proved directly from the definition of CIU-equivalence. Using this fact,
together with properties (11)—(16) of the logical relation for values, one can
show by induction on the structure of values that the relation

TFo<, v 78Tkud 7 A Vp<r v . V[[Fo @ 7](p) < v'[Y]

is closed under composition with <., on the right. It follows from this and
the reflexivity of <, (Lemma 3.10) that

NFo<gv : 7=2TFo v o 7
Properties (17) and (18) together with Lemma 3.8 ensure that < is contained
in <.; and we know from the proof of Theorem 4.3 that <, coincides with <.
Therefore all in all, we have ' v <, v/ : 7 holds if 'Fv <4, v : 7. Using
this, each of the right-to-left implications in the extensionality properties then
follows from those required of the logical relation in (11)—(16). O

We now turn to the issue of relating object language and metalanguage be-
haviours as discussed at the end of Section 2, using the example of A-terms
for the object language and the Mini-FreshML datatype § declared in (5).

Lemma 4.7. For each A-term t, define a Mini-FreshML value [t], by induction
on the structure of t as follows.

(], & Var(z)
Dz .ty ¥ Lam(<<a>>[t],)
def
[t t/]v = App([t], [t/}V)'
Then for any A-terms t, t' and any value-substitution 1 that maps the free

variables of t and t' to atoms injectively (i.e. P(x) = Y(2') = = = 2’), we
have [t]e[)] e [t]e[)] &t =4 T

Proof. We make use of the fact [4, Proposition 2.2] that a-equivalence for
A-terms ¢t € A can be inductively defined by the following rules:

(a,; .17//) . t Ea (x/ x//) . t/
r e VId x” € VId — supp(x, t, 2’ t') L =at)  ta=,t)
T =al e t=, .t ty ty =o t] th
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Then the lemma is proved by induction on the size of ¢, making use of the
extensionality properties of Corollary 4.6. O

Now consider translating a A-term ¢ into an expression [t]. as in (6), then
applying an injective value-substitution of atoms for free identifiers to get a
closed expression [t|.[¢)] and finally evaluating it. Bound variables in ¢ get
translated into identifiers bound to fresh, which give rise to fresh atoms in
the result of evaluating [t].[1)]. So we can expect that result to be contextually
equivalent to the value [t],[¢] provided the bound variables of ¢ are distinct
from each other and from the free variables—in other words, provided the
“Barendregt variable convention” [3, Sect. 2.1.13] holds for ¢. It is convenient
to formalise that convention via a structurally inductive definition. For disjoint
finite subsets T, 7’ of VId we define a subset A(Z;7’) C A inductively by the
following rules.

TET te A{z}uz, @) x¢7T
r e ANz, 0) Ax .t e Az, {z}UT)

te ANz, 7)) telATm) zTNnT,=10

tt e Nz, Ty UT))

If t € A(Z,7’) then: the free variables of ¢ are contained within 7; the occur-
rences of bound variables of ¢ are mutually distinct and are contained within
T'; the sets of free and bound variables of ¢ are disjoint; the support of—i.e.
the set of all variables within—the term ¢ is contained within ZUZ’. Note that
each term ¢ € A is a-equivalent to a term in A(Z,7’) for some T, . One can
show by induction on the derivation from the above rules that if ¢t € A(Z, @),
then for any injective substitution ¢» : VId — A with dom(¢)) = T U T’ it is
the case that E[[t].[v]] = £[[t]v[¢]]. Hence by Corollary 4.4 we have

Lemma 4.8. Fort € A(Z,T') and any injective substitution ¢ : VId— A
with dom(v) =T UT, it is the case that & [t]e[t)] ~ex [t]v[0] + 6. O

We are now in a position to prove the correctness theorem.

Proof of Theorem 2.3. As we observed earlier, one can show by induction over
the rules defining a-equivalence of A-terms (given in the proof of Lemma 4.7)
that if ¢t =, t’ then [t], and [t'], are the same Mini-FreshML expression (since
we identify Mini-FreshML expressions up to a-equivalence of bound value
identifiers). So we just have to show that {z, : name,--- ,x, : name}t [t]. ~cx
[t']le : 0 implies t =, t'. By suitably renaming bound variables we can find a
finite set @ and terms t1, ¢} € A(Z,7’) such that ¢, =, t and t| =, t’; and hence
[t1]e = [t]e and [t}]e = [t']e. So if {x¢ : name,--- ,z, : name} [t]. Rex [t]e : I,
then {x¢ : name,---,x, : name}F [ti]c ~ex [t}]e : O. Then choosing some
injective substitution ¢» : VId — A with domain T U7, we can apply Lemma
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4.8 to conclude that F [t1][¢] ~cix [t]]v[¥)] @ 0. Finally, we apply Lemma 4.7
to obtain t =, t] =, t) =, t'. O

Fix a bijection ¢ : VId = A between the countably infinite sets of value identi-
fiers and of atoms. Lemma 4.7 tells us that the mapping t — [t],[¢)] induces an
injective function from a-equivalence classes of A-terms to contextual equiv-
alence classes of closed values of type ¢. In fact this function is a bijection:
from the typing rules of Mini-FreshML (see Appendix A) it is not hard to see
that every closed value of type 6 must be of the form [t],[¢)] for some A-term
t. The contextual equivalence classes of non-value expressions of type § are
more complicated; but as the final theorem shows, a closed expression of type
0 is either divergent or contextually equivalent to the “restriction” of some
value. To prove it we need the following property of divergent terms, which is
a corollary of Theorems 3.11 and 4.3.

Lemma 4.9 (Divergent terms). For a closed expression e of type § and the
divergent term Q% (fun f(2) = f(2))0),

e Ry ) <= VS . E[e](S[S]) =L < V¥S.(S,e)y. O

Theorem 4.10 (Form of expressions). For a closed Mini-FreshML expres-
sion e of the type § declared in (5), either e Ry § or

e Ngix let ¥y = fresh in --- let x, = fresh in v

for some value v of type 9.

Proof. Using Lemma 4.9 we see that if - e ., © does not hold, then ([],e)].
We can now apply the forwards direction of Fact 2.1 to deduce that there
exists some closed value v’ of type d and some finite set of atoms @ such that
0, ela, v’ with supp(v’) C @. Pick a bijection ¢ : T = @, where T = {1, ..., 2,}
is a set of value identifiers, and replace each occurrence of an atom a € @ in
v" with ¢~!(a) to obtain a (possibly open) value v. Thus v = v[¢)] and it is
not hard to see that e ~, let 1 = fresh in --- let z, = fresh in v.
Now apply Theorem 4.3. O

Remark 4.11 (Representing =, ). In Remark 2.4 we mentioned that =, can
be represented in Mini-FreshML, in a certain sense, by the function expression
aeq : (0 x 0) — bool described there. We can now make the nature of the
representation precise. One can prove by induction on the structure of A-terms
t and ¢’ for any injective substitution ¢ : VId — A whose domain contains
the free variables of t,t' and whose image is the finite set of atoms @ say, that

t =4 t' = 3@ Da. (a,aeq([t] [¢Y], [t'] [¥]) | True O, @)
t £, t' = 3 Da. (a,aeq([t][v],[t']y[¢]) || False ), d)
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It follows from Theorem 4.3 and Lemma 4.8 that

t =, t' = aeq([t]e[¥], [t']c[¥)]) ~ctx True() : bool
t Zo t' = aeq([t]e[t], [t']e[t)]) ~cix False() : bool.

5 Conclusion

In this paper we have begun to develop domain theory in the world of FM-sets.
Rather than change foundation and work in FM-set theory, we took a con-
crete approach and developed FM-cppos as ordinary sets equipped with extra
structure. Really the only change from classical domain theory is that one
must restrict to “finitely supported” functions and subsets. What one gains is
new constructs for fresh names and name-binding that can be combined with
familiar domain-theoretic constructs for modelling recursion both at the level
of terms and of types, to give the kind of refined semantics of fresh names
and binders previously associated with more complicated (we would claim)
functor category techniques. We applied the new approach, using a continua-
tion monad with a very simple domain of “results” (1) to prove properties of
FreshML. Variations on this theme seem very promising; for example, replac-
ing 1, by S —o 1, for a suitable (recursively defined) FM-cppo of “states”
should give a useful denotational semantics of ML-style references with no
restriction on the type of value stored—we plan to explore this elsewhere.
Finally we should mention that game semantics can also make good use of
FM-sets to achieve new full abstraction results: see [1].
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A Typing relation

The Mini-FreshML typing relation for expressions, I' - e

. 7, is inductively
defined by the following axioms and rules.

W (fIf S dom(F) and F(LL') = 7')

' QO : unit

I'ke : o
A = £ ... |C, of oy
(a € A) TFCte) - 0 (0 = Cy of o1l---1Cp of oy)

I'a : name

'te:7 TFeé : 7
I't(e,e’) : 7x7

I'+ fresh : name

I'e : name TFeé€ :

T I'e : name TFeé
' <<e>>e

:name I['Feée’ : 7
;. <<name>>T

't swap e,e’ in €’

CoT
f :7—=7.2:7kFe: 7
) M

'fun f(z) =e: 7—7 'tee : 71

'te:7—7 Tk : 7

I'kte: 7 T,z :7F¢€
I'Hlet z = e in ¢

LT

T

I'te: o x7" T,x:7,2 : 7"+ 7

I'tlet (z,2') =eineée : 71
I'Fe : <<name>>7’ T,z : name,2’ : 7'Fée : 7
I'Flet <<a>>2' = e in e : 7
I'e : name TI'Fe : name T'kFe; : 7 Thles: 7
T'Hif e = € then e; else ey : T
'ke:§
Vkel{l,...,.n}.T,x : opbe, : 7
{ ) ko h (5 = C1 of o1l 1Cy of o)
I'Fmatch e with (Ci(x1) -> eyl ---

| Chlxy) > ep) @ T

B Termination relation

(S, e)] is inductively defined by the following axiom and rules, where S ranges

over frame stacks, e, €/, ... over expressions, v,v’, ... over values, and a, d, . ..
over atoms. The definition is split into two parts for clarity.
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Part 1: (S,v)] where v is a value.

(S, Cr())] (So (,[-],e)l
{001 (SoCk([=D,v)l (So([=],e),v)]

(S, @) (S 0 <<o>>[] e} (5, <<o>>1)]
(So (', [=D,v)l (50 <<[=]>>¢,v)] (50 <<v>>[—], )]
(Soswap a,[—] in €’,€')] (Soswap a,d in [—],€")]|
(Soswap [—],€¢ in €’ a)] (Soswap a,[—] in €’,d')|

<Sv (CL CL/>'U>l <SOU [_]7€>l
(Soswap a,d’ in [—],v)]| (So[-]e,v)l

v=(fun f(x) =€) (S ev/f,v/z])]

(Sov [0
(S, elv/2])!
(Solet x = [—] in e,v)]

(S, elv/z,v'/a])|
(Solet (x,2) =[] in e, (v,v))]

a' € A —supp(S,v,e) (S,eld'/z,((a a')-v)/2"])]

(Solet <<z>>z’ = [—] in e,<<a>>v)|

(Soif a = [—] then e; else ey, €')|

(Soif [—| = € then e; else ey, a)|
(S,enl ifa=d

(Soif a = [—] then e; else ey, a)]

<S7 62>l . /

f
(Soif a = [—] then e; else ey, d’)] ifaza

v =Cg(vp),for some 1 <k <n (S exf|vr/xi]) |
(Somatch [—| with Ci(z1) -> eyl - 1C(x,) —> en,v)]
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Part 2: (S, e)| where e is non-value expression.

(SoCr(=D,e)l a€A—supp(S) (5 a)l
(S,Cr(ed)| (S,fresh)|
<SO ([—],6/),6>l <SO <<[—]>>6/,€>l

5, @, (5, <<e>5) |

(Soswap [—],€¢ in €’ e)] (So[-] €, e)l

(S,swap e,e’ in €")| (S,eé)l
(Solet x = [—] in €,e)| (Solet (z,2') =[] in €,¢)|
(S,let x = e in €)| (S,let (z,2') = e in €)]
(Solet <<z>>1' = [—] in € e)]

(S,1let <<a>>2’ = e in €')]

(Soif [—] = € then e; else ey, €)]
(S,if e = ¢ then e; else eg)]

(Somatch [—| with Ci(z1) > eyl ---1C,(x,) => ey,€)]
(S,match e with C;(x1) => eyl -+ [C,(x,) => e, )]

C Denotation of expressions

Notation. In this and the following appendices, write Az . t for the strict
function that maps non-bottom elements x to t. Extend this notation in the
obvious way to write A(dy, dy) .t for strict functions D1 ® Dy — D and Ala]d.t
for strict functions [A|D — D’. (Note that this notation imposes no conditions
as to which particular representative in [A]D is chosen: the semantics below
makes this explicit.) We also write (dy, ds) to indicate a smash pair (such that

(dy,ds) def 1 p,ep, when either of d; € Dy and dy € D5 are bottom).

The function E[C e : 7] € [I] —o [r]™" maps L to itself and for non-bottom
arguments p is defined by induction on the structure of e as follows.

o &[Tk : ]]pdﬁane[[r( I o(p(a))
e E[THO unlt]]p o € [[unlt]] .o(T)
E[LFa : name]p ¥ Ao € [name]” . o(a)
E[lFCule) : dpY
Mo e[s]".E[Cke : k]] (M € [o}] . o((i o ing)d))
E[LH Ce,e) + 7x7]p%
Mo €[rx7]" . E[lFe : t]p(Md € [r].

[}
_h
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Elte = TpA\d € [r'].o(d,d)))
E[L+ fresh : name]p & new &
Ao € [name]" . o(a) (any a € A —supp(o))
E[L F <<e>>¢’ : <<name>>7]p &
Ao € [<<name>>7]" . E[['F e : name]p(Aa € [name] .
EIlte : 7]p(Ad € [1] . o([a]d)))
E[l+ swap e,¢ in ¢’ : 7]p ¥
Ao € [r]* . E[CFe : name]p(Aa € [name] .
E[lF e : name]p(Aad’ € [name] . E[I'Fe” : T]p(Ad € [7] .
o((a a’) - d))))
E[lFfun f(z) =e: T—>7]p ¥
Mo € [r—7]" . o(fix(Ad e [r—7]. A\ € [r].
EIL, f - 7—70 : 7ke : T(plf — d,x — d)))
Elree : t]pL
Moe[r]t E[lke : = 7]p(Md e [r—7].
E[TFe = tlp(Ad €[] .d d o))
E[lFlet z =eine : 7]p Y
Ao € [r]" . E[C ke = 7]p(Ad € [7] .
El,x : T'Fe @ 1](plx — d])o).
E[l+1let (z,2) =eine : 7]p ¥
Aoe[r]t &l ke : m xw]p(Ad, ds) € [ X 7] .
El,z : m,a’ : ke : 7](plr — di, 2" — dy])o)
E[LF1let <<z>>2’ = e in ¢ : 7]p ¥
Mo €[]t E[lFe : <<name>>7'[p(A[a] d' € [<<name>>7'] .
E[l,x : name, 2z’ : 7'Fé : 7](plx — d, 2" — (a d)-d])o
(any @’ € A — supp(e, €, p,0,a,d"))
E[LFif e = ¢ then ¢ else ey : 7]p &
Ao € [r]".[T+e : name]p(\a € [name].[['F ¢ : name]p(Aa’ € [name] .
if a=d then E[T'Fey : T]po else E[T'Fey : T]po))
E[l Fmatch e with --- [Cp(zg) —> exl - : T}]pdéf
Mo e [r]t.E0ke : 8]pAd € [6].E[T, xx : onter : T](plax — di))o)
(for the unique k and dj, such that d’' = (i o ing)dy,)

D Denotation of values (expressions in canonical form)

The function V[['Fv : 7] € [I'] — [r] maps L to itself and for non-bottom
arguments p is defined by induction on the structure of the canonical form v

as given below.

e V[l'kx : 7]p o p(x)
e VITHO : wnit]p ¥ T
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V[T Fa : name]p & a

VILEC () : 8)p Y (ioing)(V[LFv : a]p)

V[TE o) : 7x7p ¥ (V[LFov : 7]p, VI[THY : 7]p)
[
[

o V[I'F<<a>>v : <<name>>7]p & [a] (V[T Fv : 7]p)

V[['F fun f(x) = :7'—>r]]pﬁf

ﬁX(AdE[[THT]] Ad' e [r].
EIL,f - 7—7x : 7ke : T(plf — d,z — d))

E Denotation of frame stacks

The function S[TF S : 7 —o _] € [[] — [r]" maps L to itself and for non-
bottom arguments p is defined by induction on the structure of S as follows.
(The notation let a = d in d'[a] means d'[a] if d € A, is the non-bottom
element given by a € A and L otherwise. The notation if a = da’ then d else d’

means d if @ and o’ are equal and d’ otherwise.)

def

o S[I'F[ : 7—0 ]]p—/\xe[[]]
o S[I'FSocC([— ] : op —o ]]p— Av € [or] . S[T'ES @ 0 — _Jp((ioing)v)
e S[TFSo([-],e) : 7— Jp&
A e [r]. 5[[I‘|—e : ]] (A’ 6[[ T-S[CES : 7 x7)pld,dY)
e S[TFSo (v,[- — oY
)\dE[[T’]].S[[FI—S TXT]] (v [[Fl—v : T]p, d)

o S[I'FSo<<[-]>>¢ : name — _Jp &
Aa € [name] . E[I'Fe : 7]p(Ad € [7] . S[I'F S : <<name>>7]p([a] d))
o S[THSo<<o>>[—] : 7— J(p) ¥

M e [r].S[TFS : <<name>>7[p([V[['F v : name]p]d)

o S[T+Soswap [-],¢ in ¢’ : name — _|p &

Aa € [name] . E[T'F €’ : name]p(Ad’ € [name] . E[['e” : T]p(Ad € [7] .

SIS @ 17— _|p((ad)-d)))

def

e S[I'+Soswap v,[—]| in €’ : name — _]p =
let a:V[[FI—U : name]p in A\a’ € [name] . E[['Fe” : 7]p(Ad € [7] .

S[TES = 17— Jp((ad)-d)
o S[I'+Soswap v,v/ in [-] : 7— _Jp &
let a=V[I'Fv : name]p in let a =V['Fv : name]p in
Me[r].S[I'ES 7 — _]p((ad)-d)
e S[THSo[-]e: (1—7)— Jp%¥
Me[r—71].EFe : t]p(Ad € [r].dd(S[T'FS : 7" — _]p))

.S[[IW_SOU[—] :T—o‘]]pdéf
Ad € [[T]].(V[[FI—U : T—)T/]]p d)(SﬂFI—S 7 o _]p)
e S[TFSolet z = [-] in e : T—OA]]pdéf
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AMe[r]. &Nz -
S[CFSolet (z,2') =[] ine : 7x7 — _|p=

The :

A(dl,d2> c [[7' X T/]] .

El,z : 1,2 :

S[I'F Solet <<z>>z' = [—] in e : <<name>>T —o _]p =

ke :

T(plr — d])(S[T+ S T — _]p)

m'(ple = di, 2" — d])(S [[TdeS 27— ]p)

Ala]d € [<<name>>7] . €[,z : name, 2’ : 7Fe : 7]
(plr—d 2" — (ad)-d)(S[I'FS : 77— _]p)
(a’ny a €A - Supp(57 €, P, a, d))

S[CFSoif [-] =

Aa € [name] . E[T' ¢ :
if a=a" then E[I'F e

else E[I'F ey

e then

def
e else eg 1 T— _p=

name|p(Ad’ € [name] .
cT]p(S[CES 7 — _]p)

: 7lp(SITES = 7 — ]p))

def

S[CFSoif v = [—] then e; else ey : T — _|p =
Ad' € [name] . if V[['Fv : name](p) = d
then E[T'Fep @ T]p(S[TFS : 7 — _]p)

else E[T'F ey

S[I'F S omatch [—] with

M € [0] . E[T, z

c T)p(S[CES = 17— _]p)

. o ey

e |Cp ) > el st 00— Jp =

def

s 7l(plor = di)(S[TES 27— p)

(for the unique k and dj, such that d = (i o ing)dy)
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