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to enableprogramming with bound identi�ers modulo renaming.
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by Pitts and Gabbay.

Work Completed

Much theory was developed during the project, including inductively-de�ned
big-step transition relations for translating FreshML sourcecode into FreshML
core language code, a principal typing algorithm for the FreshML type system
and an environment-basedevaluation relation for evaluating FreshML expres-
sions.

An implementation of FreshML, written in ML using the Standard ML of New
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FreshML sourcetext and having the system type-check and evaluate it.

Special Dif �culties

The novelty of the language meant that there was much underlying theory to
beunderstood. After a considerableamount of effort much of this was grasped,
which led to somereplacementtheory for parts of the aforementioned research
paper (mainly relating to implementation issues).
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1 Intr oduction

1.1 The project

A meta languagefor programmingwith boundnamesmodulorenaming. Such is
the description of FreshML given in the research paper on which this project
is based [1]. Variable binding operations occur frequently in programming
languages, but a natural way of representing bound variables and operations
involving them—essential for meta-programming (writing code which manip-
ulates syntactic structures)—hasnot yet been implemented in a mainstream
programming language.

Various research around the world is currently in progress in this area (see
references[5], [6] and [8] from [2]). The new language FreshML is the work in
progressat Cambridge.

FreshML, although currently small and experimental, provides featuresaimed
to enable straightforwar d representation and manipulation of bound names.
The aim of this project was to design and produce the �rst implementation of
FreshML.

Somemore accessiblematerial than the working notes [1] is given in the pub-
lished paper [2], although it should be noted that some notation in [2] dif fers
from that used in [1]. This project usesthe notation of [1].

It should be noted that after writing the ProjectProposal(included at the end of
this document), the name of the language was changed from FML to FreshML.

1.2 Langua ge features

This sectionprovides an intr oduction to the novel featuresof FreshML. It should
be borne in mind that FreshML is designed to provide featuresfor representing
structuresof other languages.
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Consider as an example the implementation of functions in ML manipulating
terms of the � -calculus. Typically a declaration such asthe following is used to
represent � -terms, which can be variables, functions, or applications.

datatype Lambda = Var of string
| Apply of Lambda * Lambda
| Fn of string * Lambda

We would representthe identity function, ������� , asFn("x", Var "x") .

The problem is that such de�nitions are too concrete and ignore the fact that
Fn is representinga binding operation. The name of the bound variable does
not matter—unlike what this representation implies! What is needed is a
way of expressingthat Fn is representing a binding operation to the meta lan-
guage (here ML), such that it might restrict the use of the bound variables so
that problems such as name clashes1, for example, do not occur. FreshML
possessesabstractiontypesto representbinding constructs and allows datatype
constructors to explicitly expressbinding constructs. Object-language2 vari-
ablesare expressedasatoms, which are given type atm:

datatype Lambda = Var of atm
| Apply of Lambda * Lambda
| Fn of atm . Lambda

Given an abstraction, which has type atm . � , it is not possible to accessthe
bound variable name dir ectly. Instead, one must concretethe abstraction at a
freshname—a name which hasnot beenused before. This concretion operation,
written as,for example, abst �
	 , gives the body of an abstraction with the new
fresh name in place of the bound variable name. The FreshML type system is
such that it includes a judgement about freshnessof names,to ensure that values
containing bound variable namescanonly beusedin wayswhichareinsensitiveto
renaming.

For example, a function attempting to list the bound variables of a � -term will
not type-check.

FreshML provides featuresto createfreshatoms, to abstract over terms and to
concrete terms, together with “standar d” functional language featuressuch as
polymorphism 3, function declaration and application constructs, etc.

1Sayduring substitution of one � -term for a variable.
2The object language is the language we are representing, here the � -calculus.
3Although not let -bound polymorphism as is present in ML.
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1.3 Assumptions

This dissertation describes not only the implementation of FreshML but also
the theory needed for the implementation which was developed throughout
the project. Every effort has been made to make the theory here accessibleto
Computer Scientistswho are not familiar with the �eld, but a basicknowledge
of Standard ML, logical connectives, discrete mathematics and rule induction
are assumed.

For motivation about the novel features of FreshML the reader is advised to
consult [2].

1.4 Impor tant!

Paragraphs like this one which have a double vertical bar to the left of
them are not the author 's own work. All other de�nitions, axioms, rules,
and so forth are the work of the author.

1.5 Note

The following convention regarding logical formulae is used in this disserta-
tion.

In formulae such as,for example,

��
�����������
������ ��
��"!$#&%'��()�*%+�

holds ,

the scopeof the “.” charactersextend from their occurrenceto the end of the
bracketed block in which they belong, or, if no such block exists, to the end
of the expression. Thus the above expressionis equivalent to

��
��-�-. ����
����/� ��
��0!$#&%1�2(3��%4�

holds
�65

,

and not , for example,

. ��
��-�7�8���*
��������*
��95 !$#&%'�:�;(3��%4�

holds
���
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2 Preparation

This chapter describesthe preparatory work undertaken before the implemen-
tation of the FreshML interpr eter was started.

2.1 Project aims

The basic aim of the project was to design and implement an interpr eter for
the FreshML programming language. This included the development of any
theory which would be required for various stagesof the interpr eter.

The fundamental requirements which the interpr eter should ful�ll were anal-
ysed and are stated in Section2.2below.

2.2 Requirements

< The interpr eter shall take FreshML source text and return the type and
value of the expressionstherein.

< The interpr eter shall be written in ML.

< The interpr eter shall be modular , so parts can be easily replaced without
disruption to the whole interpr eter.

The threerequirementsdo a good job of hiding the complexity of the underly-
ing theory and implementation details!
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2.3 Possib le extensions

The following were identi�ed as possible areasin which the project could be
extended, if time permitted:

= The addition of ML-style let -bound polymorphism to the language.

= An interactive front end “ �a la ML”.

= Work on producing helpful, accurateerror messagesupon erroneoussource
text input by the user.

2.4 Anal ysis

This and the next sectionsgive brief commentaries on some of the design de-
cisions made early in the project lifecycle. Re�nement of the requirementswas
undertaken, which led to issuessuch asthe following:

= overall high-level interpr eter structure;

= interpr eter structure viewed from the perspective of implementing it us-
ing a module system such asthat of ML;

= the exact language to be implemented;

= necessarytheories to be understood;

= theories to be invented;

= development environment;

= development model;

= backup strategies;

= timescalesand milestones;

= testability;

= methods of testing and evaluation;

= this dissertation.

Theseissuesaredealt with over the next few sections,with the exception of the
majority of the testing issues,which are described in the Evaluationchapter.
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2.5 Interpreter structure

It was decided that the interpr eter should have the structure illustrated in Fig-
ure 2.1,which is similar to interpr eters for other functional languages such as
Haskell, for example.

Lexical analysis Parsing Translation to core

Type checking Expression
evaluation

Figure 2.1:FreshML interpr eter structure.

FreshML source text is passed to the interpr eter. The lexical analysis phase
tokenises the source text to produce a token stream. The parser then takes
this and produces an abstract syntax tree. This is fed to the core translator
to produce core expressions—expressions in a simple, core subset of the full
language. The type inferencealgorithm then attempts to assign a type to each
expression. Provided this is successful, the expressionsare then evaluated to
produce values, which are returned to the user.

2.6 Timescales and milestones

Thesehad already been set out in the ProjectProposal, a copy of which is in-
cluded at the end of this dissertation.
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2.7 Modules

From the interpr eter structureand further deliberations, the following modules
were identi�ed and named:

FML Top-level module (program entry point).
Parse Lexing and parsing.
Syntax Abstract syntax treerepresentation for the full language.
CoreSyntax Abstract syntax treerepresentation for the core language.
CoreTrans Translation to core.
TypeElab Type inference(“elaboration”).
Evaluator Expressionevaluation.
PP Pretty-printing of expressions,values, etc. for debugging and

user feedback.
Test Testing functions for various modules.

It was decided to implement each in a fashion such that one could easily re-
place one implementation of a particular module's interface with another (see
Section2.7.1below).

The speci�cation and dependency information for eachmodule is given below.
Dependenciesare not “followed through”: if module > depends on module ?

and ? in turn depends on @ , then only module ? is listed as a dependency
dir ectly for module > .

FML

This module will depend on:

A the lexer and parser;

A the core translator;

A the type inferencealgorithm;

A the evaluator;

A the pretty-printer .

The module shall consist of a top-level function which:

A has the type required by the SML functions for heap saving (to createa
standalone executable);

A print a startup banner;

A read the FreshML source �le speci�ed asargument to the program;

A invoke the lexer and parser;

A invoke the core translator on the parser result (the abstract syntax tree);

16



B invoke the type inferencealgorithm on the core expression(s)produced;

B invoke the evaluator on the core expression(s);

B print the result(s) of evaluation together with the type of eachexpression.

The raising of an exception by any of thesestagesshall causeexecution to halt
after that stage.

Parse

This module will depend on:

B ML-Lex and ML-Yacc—standard tools for generating lexers and parsers;

B the generated ML code from ML-Lex and ML-Yacc;

B the abstract syntax treemodule.

The module shall:

B read lines from a stream;

B invoke the lexical analyser on eachline;

B invoke the parser on the ensuing token stream to produce an abstract
syntax tree.

Syntax errors in the input FreshML code shall causean exception to be raised,
incorporating the information about the error gleaned from ML-Lex or ML-
Yacc,asappropriate.

Syntax

This module shall not depend on any others and shall de�ne an abstractsyntax
treedatatype for representing FreshML syntax trees.

CoreSyntax

This module shall de�ne an abstractsyntax treedatatype for representingFreshML
core syntax trees. This module shall depend on the Syntax module, as certain
language constructs such as guards are identical in both the core and full lan-
guages(seethe Appendices for details).
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CoreTrans

This module will depend on:

C both abstract syntax treemodules (Syntax and CoreSyntax).

The module shall:

C read in an abstract syntax tree;

C translate eachexpressiontherein to the core language, raising exceptions
upon any failur e of translation;

C return a set of abstract syntax treesrepresenting the core expressions.

TypeElab

This module will depend on:

C the core abstract syntax treemodule.

The module shall:

C read in a set of abstract syntax treesrepresenting core expressions;

C attempt to infer the type of each expression, raising exceptions upon a
type elaboration error;

C return the type of eachexpression,in a human-r eadabletextual form.

Evaluator

This module will depend on:

C the core abstract syntax treemodule.

The module shall:

C read in a set of abstract syntax treesrepresenting core expressions;

C attempt to determine the result of evaluating eachexpression,raising ex-
ceptions upon an evaluation error;

C return the result of evaluating eachexpression,in a human-r eadabletex-
tual form.

18



PP

This module will depend on:

D the core abstract syntax treemodule.

The module shall provide facilities for pretty-printing:

D core expressions(and hencecore values, matches,etc.);

D full expressions(and hencevalues, matches,etc.);

D lists of both of the above.

Test

This module shall provide test harnessesfor the various modules, to be written
asrequired for eachindividual module.

2.7.1 ML module system

It was decided that the ML module systemwould beused to provide interfaces
between the various modules of the interpr eter. The schemewas designed as
follows: for each module E de�ning more than just datatypes whose imple-
mentation must be exposed (e.g. the abstract syntax trees),the following ML
source�les were produced:

D sig E .sml – the interface�le for E , de�ning a signature sig E ;

D

E .sml – the implementation�le for E , de�ning a structure or functor E

conforming to the signature sig E .

2.7.2 Encapsulation

The speci�cation that a certain implementation structure or functor conforms
to a signature would be speci�ed using : F , which ensures that only values,
types and so forth speci�ed in the appropriate signature are externally visible.
This provides encapsulation, which is important for maintaining the separation
between interface and implementation and for ensuring that modules' private
data is not dir ectly accessedby other modules.
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2.8 Langua ge

It was decided to slightly extend the language given in [1] to include tuple
types aspart of the language. Strings and other primitives were considered for
addition to the language, but were eventually decided against due to the lack
of time for an already complicated project. (There is no theoreticaldif �culty in
adding such primitives to the language).

There arealso a few other minor deviations from the language described in [1]:
for example, constructor expressionsare treated as GIHKJ-LNMPO rather than GIHKJRQ S T

(seethe Appendices).

2.9 Theor y

A considerable amount of preparation was required in reading and digesting
the partially-completed paper [1]. The following lists identify particular areas
of theory which were identi�ed during the planning stagesto be particularly
pertinent to the project.

2.9.1 Existing theory to be understood

U Various parts of [1]:

– language grammars (full and core languages);

– translation-to-cor e rules;

– typing rules;

– evaluation rules;

U general theory relating to types and type inference algorithms beyond
the scopeof the Part II Typescourse;

In addition the author 's knowledge of ML had to be extended considerably to
encompassthe module system and various other language features,neither of
which had beencovered in the Part IA Foundationsof ComputerSciencecourse.

2.9.2 Theories to be invented

From the outset it was understood to be necessaryto develop theory in the
following areas.

U a concretegrammar suitable for LALR parsing (to be used by ML-Yacc);

U a type inferencealgorithm for FreshML;

U a concreteoperational semantics.
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In the end, far more theory had to be produced than was anticipated—see the
Implementationchapter for full details. This was all documented as it was in-
vented for futur e reference and inclusion in this dissertation. This body of
material constituted the prime body of documentation produced during the
project. Such documentation is important as it is much easier to look through
a theoretical description of an algorithm relating to a set of axioms and rules
than to look through the code itself.

2.10 Development envir onment

It was decided to develop the project under Linux as speci�ed in the Project
Proposaldocument (seethe end of this dissertation). The Standard ML of New
Jerseysystem was selected for the project, owing to its familiar syntax1 and
support for various standard algorithms through its BasisLibrary .

2.11 Development model

The very nature of the project and the level of uncertainty about certain parts
(particularly any dif �culties which designing the type inferencealgorithm might
expose)meant that a traditional waterfall model was not appropriate. A more
iterative approachwas called for after the initial time spent analysing the prob-
lem, digesting the relevant literatur e (particularly [1]) and reworking speci�-
cations and module interfaces asnecessary.

The model which was envisagedfor the project is illustrated in Figure2.2.Each
of the modules would likely be dependent on other modules and soduring the
construction of eachmodule a stub would have to be written for any modules
required but not yet written.

1As opposed to CAML, for example.
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Initial reading and
requirementsanalysis

First module
block VWVNV

Last module
block

Final testing

Figure 2.2:FreshML interpr eter development model.

The schedule of work for each module block would be as illustrated in Fig-
ure 2.3.Eachmodule would be designed (which might involve understanding
and/or developing considerable theory), coded, tested and evaluated against
the speci�cation. Re�nements to the code,design (and possibly even the spec-
i�cation in an extreme case)would then be made until the module is satisfac-
tory.

Design Code
Evaluate
and test

Figure 2.3: The development of one module.
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2.12 Version contr ol and backup

It was originally planned to use CVS asthe version control system throughout
the project,coupled with a schemeof backups thus:

X Regular backups to tape.

X Thrice-daily backups to Pelican.

X Additional backups to Thor, asdisk quota permitted.

It was found, aswork progressed(particularly with long periods of time spent
tweaking implementations of axioms and rules, asdescribed later), that it was
more ef�cient to rely on the thrice-daily labelled backups for �ne-grained ver-
sion control. This enabled easyrollback to work of just a few hours' old, should
problems have arisen.

Documentation was also kept under this system throughout the project.

2.13 The disser tation

This dissertation was formatted entirely using the LATEX text processing sys-
tem. All source �les were kept under same the backup régime as described
previously.

The LATEX source�les werearranged one per chapter, with one central “binding
together” �le, for easeof authoring and editing.
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2.14 A small functional langua ge

It was decided that, as a sort of simpli�ed prototype, an interpr eter for a very
small functional language ought to bewritten aspart of the projectpreparation,
to increasethe author 's knowledge of ML and in particular the implementation
of a simple type inferencealgorithm.

This system comprised a simple lexer and parser, a type inferencestageand an
evaluation stageand used the standard ML-Lex and ML-Yacctools for genera-
tion of the lexer and parser. Thesewere implemented asseparateML modules
using the interface/implementation paradigm discussedpreviously in Section
2.7.1.

The following sourcecode fragment shows the sort of expressionsallowable in
the prototype:

(* Abstract syntax tree structure. *)
datatype SynTree = NULL

| If of SynTree * SynTree * SynTree
| Bool of bool
| Fn of string * SynTree
| Var of string
| Apply of SynTree * SynTree

The system was completed successfully in a short time and the experience
gained was valuable. An example dialogue with the interpr eter is shown be-
low.

fltest: (fn a => fn b => (a)(b))

fn : (('b -> 'c) -> ('b -> 'c))

fltest: fn a => if a then (fn x => true)
else (fn x => false)

fn : (bool -> ('c -> bool))

fltest: ((fn a => if a then (fn x => true)
else (fn x => false))

(true)) (true)

true : bool

fltest: fn a => ( (a) (a) )

Type elaboration failed:
unification failed: 'a with ('a -> 'b)
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3 Implementation

In this chapter we presentboth the implementation work in ML and the theory
which had to be developed to support it. A solid theoretical foundation was
ensured for the implementation by both creating various axioms and rules and
by utilising existing theory from the FreshML papers [1] and [2].

3.1 General details

Just over three thousand lines of ML code were produced (including com-
ments). The majority of the code consisted of the implementation of various
algorithms whose workings arede�ned by setsof axioms and rules—atask for
which ML is ideal. Thus this chapter presentslarge sectionsof the project from
a theoretical point of view.

The abstract syntax treeswere representedusing standard ML datatypes. Red-
black treeswereused for ef�cient data storageand retrieval—for example when
recording the de�ned constructors and their arguments for a particular type
constructor in a piece of FreshML sourcetext.

As much re-useof existing code was made as possible; for example, standard
algorithms were used from the SML/NJ BasisLibrary asrequired.
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3.2 Lexing and parsing

The �rst stagein the interpr eter pipeline is the module to take FreshML source
text and convert it into tokens: the action of lexicalanalysis. A parserthen takes
the stream of tokens and producesan abstract syntax tree.

As described in Section 2.7, ML-Lex and ML-Yacc were utilised as standard
tools to produce ML sourcefor the lexer and parser. The grammar for FreshML
given in [1] had to be enhanced slightly—for example to include tuples (see
Section 2.8) and explicit datatype declarations—and turned into a concrete
unambiguous grammar suitable for feeding to ML-Lex.

The grammar developed is given in Appendix A.

This proved to be a troublesome process;resolving the ambiguities and ob-
taining the correct precedencesis dif �cult with a relatively large grammar. By
the end of the project a few shift/r educe con�icts still remained, but theseap-
peared to manifest themselves only during testing by the insistence of the in-
terpreter on more parenthesesthan should have beennecessaryaround certain
expressions.

Someimplementation dif �culties werehad with integrating the lexer and parser
into the main interpr eter (mainly due to outdated examples and a lack of doc-
umentation in the SML/NJ system), but these were eventually resolved. The
small prototype interpr eter helped with sorting out theseproblems.
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3.3 Datatype declaration handling

After work had started on the core translation stage(described in Section3.4),
it was noted that it was necessaryto have a databaseof constructors and their
types for processing the input parse tree. For example, the arbitrary name
“ lam ” could appear in the source text and could either be a value identi�er or
a constructor name. It was found to be necessaryfor the purposes of the core
translation stagewhich of theseit is.

Thus the additional datatypedeclarationhandlingstagewas inserted between the
parser and the core translator. The speci�cation for the module was asfollows:

Y to receivea parse treefrom the parser;

Y to identify datatype declarations and parsethem, producing a database
of constructor information;

Y resolveall namesto either value identi�ers or constructors (by searching
the constructor database;if the name in question appears in the database
as a valid constructor then it is deemed to be a constructor, otherwise it
is deemed to be an identi�er);

Y to report any syntax errors which are identi�able after knowing which
nameshave beende�ned asconstructors;

Y to pass a new abstract syntax tree incorporating these identi�cations to
the core translator.

Two levels of nested red-black trees (implemented using the SML/NJ Basis
Library) were used to keep the constructor database,which has interfaces per-
mitting, amongst other things, the insertion and extraction of constructor data
(to support queries such as“is the name “ lam ” a de�ned constructor name?”).

A new abstract syntax tree datatype was de�ned which contained only ex-
pressionsand function declarations (since the datatype declarations are pro-
cessedby this new module) for passing data from this new module to the core
translator.

The new module also checks that the user is not trying to de�ne functions
with the samename asan existing constructor, or bind a constructor name (for
example in a let expression). Patterns in matches are checkedand identi�ed
asbeing either value identi�er or constructor patterns. Various other syntactic
checksaremade to trap a variety of syntax errors at this stagein the interpr eter
pipeline.

Note that nameswhich do not match any de�ned constructor namearedeemed
to be value identi�ers; if the name is in fact unde�nedat the point in the code
where it occurs, this will be trapped by the type inferencealgorithm.
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3.4 Translation to the core

3.4.1 Introduction

The FreshML type inference rules (seeSection 3.6) operate on a subset of the
full FreshML language called the core language(often abbreviated to just “the
core”). Thus a stageof translation from the full language to the core language
is necessaryafter parsing before type checking can begin. This is similar to the
method used in Haskell [4].

The grammar for the core language is reproduced from [1] in Appendix B.

The FreshML paper [1] gives a small-step transition relation to translate from
the full language to the core. Implementation started using this relation, but it
was soon discovered that such a relation was inconvenient for the production
of an implementation.

To work around this problem a big-step relation was produced, which is based
on the ideas behind the small-step relation but is expressedvery dif ferently.
Such a relation is more akin to the way in which an implementation works:
informally “give me an expressionand I will return the coreexpression” rather
than “give me an expressionand I will return an expressionwhich might have
beenpartially translated into the core,but not completely” which is an informal
statement of how the small-step relation worked.

This formulation turned out to be dif �cult and time-consuming, but was even-
tually completed successfully.

In this section we intr oduce and justify the big-step relation1 and describe its
implementation in ML.

Notation 3.4.1 Here we take ZN[P\)]^ZN[P\�_;]W`N`W` a Exp2; Zb]^Z�_*]W`N`W`ca CExp; [)]d[�_;]N`W`N`ca

VId; \�ePfga Pat and h-ebfjiWkla Match. The symbol `N`W` denotes a hypothesis
for a rule which has beensplit over more than one line. m n [ denotesa sequence
of one or more [ s. [ denotes a sequenceof zero or more [ s. iWoKp denotes a
constructor name. q+r denotes a single guard and m n

q+r a general guard (which
can consist of one or more single guards).

3.4.2 Expressions

Here we presentthe theory developed for this project for the translation to the
core.

A full syntax to core syntax translation is denoted as Z�[P\'s�tuZ ( Z�[v\wa Exp, Z'a

CExp) and is mutually inductively de�ned (with s�x ) by the axioms and rules
given on subsequentpages.

1In fact, two mutually inductively de�ned relations are used.
2Consult the Appendices for the de�nitions of Exp, CExp, etc.
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ylz){|y ( z){ vid)

}�yv~•z { }

let y be fresh in }NyP~lz){ new y in }

( z { new)

}NyP~€z•{|} }�yP~ƒ‚1z3{u}�‚

let y = }�yP~ in }�yv~�‚1z3{ let y = } in }K‚

( z

{ let)

Figure 3.1:Axiom and rules for simple constructs.

As can be seen from the axiom ( z

{ vid) in Figure 3.1, value identi�ers are
syntactically unaffected by translation to the core.

As an illustration of how the rules are implemented, consider the ( z { let) rule
in Figure 3.1.This is read as follows:

“To translate an expressionof the form let y = }�yv~ in }�yv~�‚ to the
core language, �rst translate }NyP~ to get } ( } being by induction in
the core language), then translate }NyP~�‚ to get }K‚ and �nally return
let y = } in }

‚ ”.

Hence the operation of the two rules above should be clear; they simply trans-
late their individual components ( }�yv~ , etc.) to the core and then return a core
expression.

}�yv~•z3{|} }�yv~ƒ‚1z•{|}K‚ }…„ VId }K‚c„ CVal
}NyP~ . }�yP~ƒ‚1z3{u} . }�‚

( z
{ abst† )

}�yv~•z3{|} }�yv~ƒ‚1z•{|}K‚ }…„ VId }K‚0‡ „ CVal
}�yv~ . }�yv~�‚1z3{ let y�‚ = }�‚ in } . y�‚

( z3{ abst̂ )
y

‚ fresh

}�yv~•z3{|} }�yv~ƒ‚1z•{|}K‚ }g‡ „ VId }K‚c„ CVal
}�yv~ . }�yv~ƒ‚‰z3{ let y = } in y . }K‚

( z

{ abstŠ )
y fresh

}�yv~•z
{

} }�yv~ƒ‚1z
{

}K‚ }g‡ „ VId }K‚0‡ „ CVal
}�yP~ . }�yv~�‚1z3{ let y = } in (let yƒ‚ = }�‚ in y . yƒ‚ )

( z3{ abst‹ )
y , yƒ‚ fresh

Figure 3.2:Rules for expressionsinvolving abstractions.

29



The threerules in Figure3.2give translations for expressionsinvolving abstrac-
tion values into the core. Abstraction values in the core are only permitted to
be of the form Œ . • , where Œ is a value identi�er and • is a syntactic value (as
de�ned in Appendix B).

Thus expressions in the full language which are not of this form have to be
expanded out asdescribed by the rules. In fact, one rule of the form

Ž

Œv•l•)‘

Ž Ž

Œv•�’“••‘

Ž

’

Ž

Œv• . Ž

ŒP•ƒ’1• ‘ let Œ = Ž in (let Œ�’ = Ž

’ in Œ . Œ�’ )

( •

‘ abst)

Œ , Œ�’ fresh

would suf�ce, but this intr oduces unnecessary let expressions,for example
when translating an abstraction Œ . • where the �rst component Œ is already
a value identi�er . Thus the four rules in Figure 3.2have hypotheses to restrict
the syntactic categoriesof the input to eachrule.

Ž

ŒP•€•

‘

Ž Ž

Œv•�’1•

‘

Ž

’

Ž•” CVal Ž

’

” VId
Ž

Œv•—–

Ž

Œv•ƒ’1•

‘

Ž

–

Ž

’

( •

‘ con ˜ )

Ž

ŒP•€•

‘

Ž Ž

Œv•�’1•

‘

Ž

’

Ž•” CVal Ž

’0™

” VId
Ž

ŒP•—–

Ž

ŒP•ƒ’1•3‘ let Œƒ’ = Ž

’ in Ž

–/Œƒ’

( •

‘ conš )

Œ�’ fresh

Ž

ŒP•€•

‘

Ž Ž

Œv•�’1•

‘

Ž

’

Ž

™

” CVal Ž

’

” VId
Ž

ŒP•'–

Ž

Œv•�’‰•

‘ let Œ = Ž in Œ—–

Ž

’

( •
‘ con› )

Œ fresh

Ž

ŒP•€•

‘

Ž Ž

Œv•
’

•

‘

Ž

’

Ž

™

” CVal Ž

’
™

” VId
Ž

Œv•œ–

Ž

Œv•ƒ’1•

‘ let Œ = Ž in (let Œ�’ = Ž

’ in Œ—–•Œ�’ )

( •)‘ conž )

Œ , Œ�’ fresh

Figure 3.3:Rules for expressionsinvolving concretions.

Figure 3.3gives rules for expressionsinvolving concretions. The core language
dictates that concretions must be of the form •Ÿ–
Œ , where • is a syntactic value
and Œ is a value identi�er . Thus the rules expand out more complex forms
(e.g. Ž

Œv• –

Ž

ŒP•
’ , where Ž

Œv•3¡

Ž

ŒP•
’

” Exp) using let expressions,much like the
abstraction rules.

The justi�cation for the existence of four concretion rules is identical to that
given above for the abstraction rules.
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Figure 3.4gives rules3 for translation of function declarations and function ap-
plications.

case ¢ of £:¤-¥P¦j§N¨—©wª3«�¬

fun £"¤-¥b¦j§W¨ ©uª)­ fun ® = £¯¢ = °7¬‰©

( ª

­

fun ± )

® , ¢ fresh

case ¢ of £:¤-¥P¦j§N¨—©wª3«�¬

fun ® = £¯¤-¥b¦j§W¨œ©uª•­ fun ® = £"¢ = °7¬1©

( ª ­
fun ² )

¢ fresh

¬�¢v³lª ­�´ ¬N¢P³ƒµ1ª ­ ¬

¬�¢v³'¬�¢v³ µ ª3­ ´ ¬

( ª)­ app)

Figure 3.4:Rules for expressionsinvolving functions and applications.

The part of a function between curly braces is termed a match. An example
function (in the full FreshML syntax) is illustrated below with the match en-
closed in a box. Note how the match includes multiple clauses, separated by
the ¶ characteras in ML.

fun f = £ Zero => Zero ¶ Suc x => Suc Suc x ©

The translation processspeci�ed by the ( ª
­

fun · ) rules in Figure 3.4 translates
the function body into a case statement—function values in the core must be
of the form fun ®|¸¹£�¢ = °•¬P© . The function f above would be translated into
the core expression:

fun f = { a => case a of { Zero => Zero
| Suc x => Suc Suc x } }

where a is a fresh name allocated by the translation rule. Anonymous func-
tions, for example

fun £ x => x © ,

are allocated a fresh name by the rule ( ª

­

fun ± ) and translated into named
functions.

Translation of function applications is trivial: the function and argument are
both translated to the core separately and then returned together asa core ap-
plication expression.

3The º+» relation is described in Section3.4.3.
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Figure 3.5 gives two rules for the translation of case statements. The core
language only supports caseexpressionsof the form case ¼ of ½�¾|¿ (where ¾

is a corematchas de�ned in Appendix B) and thus any expressionsin the full
language of the form case À�¼vÁ of ½N¾-ÂPÃjÄNÅ ¿ must be expanded.

Translations for the bodies of caseexpressionsare speci�ed by the Æ�Ç relation,
described in section 3.4.3.

À�¼vÁ•Æ3È|À À…É VId case À of ½"¾-ÂbÃjÄWÅ—¿wÆ Ç ÀKÊ

case À�¼vÁ of ½¯¾�ÂbÃjÄWÅ ¿wÆ)È|À Ê

( Æ3È caseË )

À�¼vÁlÆ3È�À ÀgÌ É VId case ¼ of ½"¾-ÂPÃjÄNÅœ¿wÆ Ç À Ê

case À�¼vÁ of ½"¾-ÂPÃjÄNÅ—¿wÆ È
let ¼ = À in ÀKÊ

( Æ3È caseÍ )

¼ fresh

Figure 3.5: Rules for expressionsinvolving case statements.

3.4.3 Case expressions

The matches inside caseexpressionsmust have translation performed upon
them to expand out patterns which are not supported in the core language.

In order to appreciatewhy the translation is speci�ed in the way given below,
it is necessaryto consider how a typical case expression must be translated.
Translation has to occur on both the “high-level” structure to massagethe ex-
pression into a form acceptablein the core (case ¼ of ½PÎWÎNÎÏ¿ – seeFigure 3.5),
and also on the match inside the body of the statement.

It is thus convenient to expressthe translation of matches separately from the
translation of expressions(the latter being speci�ed by Æ�È ). Note that in the
Figures which follow , the matches on which the rules are working are given
inside the body of the enclosing case statement, as sometimes expressions
have to be generatedduring the translation processwhich must lie outside this
statement (for example rule ( Æ

Ç caseË ) ).

Axioms and rules

The additional translation of case expressions is de�ned as a relation Æ
Ç ,

which is mutually inductively de�ned (with Æ
È

) by the axiom and rules given
in Figures3.6to 3.11.

Notation 3.4.2 (In addition to notation described previously). The special to-
ken FAIL is used to indicate a failur e of translation. Ð Angle brackets Ñ indicate
optional parts of rules. A rule containing such optional parts must be applied
with either all or none of the optional parts present.
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An axiom which speci�es how the Ò•Ó relation is to be used is exhibited in Fig-
ure 3.6 below. This just constrains the “input” expressionsto the translation
processspeci�ed by the relation to be case statementsacting on value identi-
�ers. This condition is satis�ed by rules ( Ò•Ô caseÕ ), ( Ò3Ô caseÖ ), ( Ò3Ô fun Õ ) and
( Ò Ô fun Ö ) described previously.

case ×�ØPÙ of Ú-ÛbÜjÝWÞ€Ò Ó FAIL ( Ò Ó caseß ) ( ×�ØvÙ7à

á VId)

Figure 3.6:Use of the Ò�Ó relation.

Abstraction patterns

Figure 3.7gives rules for translating matchesinvolving abstraction patterns.

case ×�ØvÙœâãØ of ä3Ù�ÛPÜ"å where æ ç

è+é•ê = ë7×NØPÙƒìƒíwÒ)Ô|×Kì

case ×�ØPÙ of ä¯Ø . Ù�ÛbÜ�å where æ ç

è+é•ê = ë
×�ØvÙƒì�íwÒ3Ó new Ø in ×Kì

( Ò
Ó caseÕ )

case ×�ØvÙœâãØ of ä

Ù�ÛbÜ0å where æ ç

è+é•ê = ëã×NØPÙƒì

î

Ý = ë case ×�ØPÙ of ä¯Ú�ÛbÜjÝWÞœí

í

Ò
Ô

×�ì

case ×�ØvÙ of ä

Ø . Ù�ÛPÜ"å where æ ç

è&éïê = ë
×�ØPÙƒì

î

Ú-ÛbÜjÝWÞ

í

Ò)Ó new Ø in ×Kì

( Ò
Ó caseÖ )

Ý fresh

Figure 3.7: Rules involving abstraction patterns.

In FreshML, abstraction patterns such as ØœðdÙ�ÛbÜ matching on an expression ×�ØvÙ

are expanded out by creating a fresh atom Ø and concreting ×�ØPÙ at that atom.
Then a pattern match of ÙƒÛbÜ against ×�ØPÙ…â�Ø ( ×�ØvÙ concreted at Ø ) proceeds.(This
is described more fully in [1]).

To implement this, we simply provide rules to match abstraction patterns and
expand them out asspeci�ed.
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We provide an example for clarity. The expression

case exp of { x . y => SomeConstructor }

translates to

new x in
case exp @ x of { y => SomeConstructor }

end

under the ñ•ò relation.

When therearefurther matchesto deal with, for example when we areattempt-
ing to translate an expressionlike

case exp of {
x . y => Abstraction

| anything => SomethingElse
}

then we have to provide a clausenot to match anything against “ exp @ x”
but against “ exp ”, to preservethe correct meaning of the expression.

For example, the following translation would be wr ong:

new x in
case exp @ x of {

y => Abstraction
| anything => SomethingElse

}
end

It is straightforwar d to see that a correct translation would be (where z is a
freshname):

new x in
case exp @ x of {

y => Abstraction
| z => case exp of {

anything => SomethingElse
}

}
end

which is the behaviour of the rules speci�ed.

FreshML also includes guardedpatternsproviding atom-equality and atom-inequality
tests. (There is no “ if ” statement in the language). For full details the reader
is referred to [1]. We illustrate guards in the following example:
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fun eq = { (x, y) where x = y => Equal
| (x, y) where x <> y => NotEqual }

The intended meaning should be obvious.

Thus when ó•ô was being de�ned it was necessaryto take account of these
“guar ded matches”. In the caseof the abstraction patterns treated in Figure 3.7
this simply meansproviding two more rules to preservethe guards during the
translation process.

Value identi�er patterns

In Figure 3.8 below we present rules for translating value identi�er patterns.
Note that õ ö

÷&ø has been replaced by just ÷&ø —multiple guards are not permitted
for value identi�er patterns (sinceonly one atom is presentto be tested).

ù�úvû

ó3ü

ù ù�úvûƒý

ó3ü

ùKý

case ù�úPû of þ

ú�ÿ where ÷&ø�� = �

ùNúPû
ý

�

ó
ô

case ù of þ

ú-ÿ where ÷&ø�� = �

ù
ý

�

( ó)ô case� )

ù�úvû

ó3ü

ù ù�úvûƒý

ó3ü

ùKý

case ù�úvû of þ����
	���


�

ó3ô

ù�ý ý

case ùNúPû of þ

ú�ÿ where ÷&ø�� = �

ùNúPûƒý

�

���
	���


�

ó3ô

case ù of þ

ú�ÿ where ÷&ø�� = �

ùKý

�

� = �

ùKý ý

�

( ó
ô

case� )

� fresh

Figure 3.8: Rules involving value identi�er patterns.

The treatment of matches involving value identi�er patterns is straightfor -
ward, becausesuch patterns are permitted in the core language. Thus all that
is required is to translate the body of the match into a core expressionand any
subsequent matches into core matches (the latter by generating another case
expression).

The rules above provide a formalisation of this intuition.
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case ������� of �

�����

� = �

case � of �

�� "!$# where % &

')(+* = �,�����

-

-

.0/

�

case ���"�1� of �

�����

�1 
!2# where % &

'3(4* = �,�����

-

.65

�

(
. 5

case7 )

� fresh

case ������� of �

�����

� = �

case � of �

�� "!8# where % &

')(4* = �,���"�

9

� = � case ������� of �8:� 
!

��;

-

-

9

:� 
!

��;

-

.
/

�

case ������� of �

�<���

�� "!$# where % &

')(+* = �,�����

9

:� 
!

��;

-

.
5

�

(
.05

case= )
�?>

� fresh

Figure 3.9:Rules involving constructor patterns.

Constructor patterns

We now deal with the translation of constructor patterns4. Thesemay them-
selvescontain complex patterns which arenot acceptablein the core, for exam-
ple:

MyCon(a.b, c) => Abstraction
| x => SomethingElse

Non-nullary constructors are treated in the interpr eter as a constructor name
applied to an expression(which may be a tuple 5). Thus to translate a construc-
tor pattern to the core, we construct a case expressionwhich �rst matcheson
the appropriate constructor and then matches on the speci�c constructor ar-
gument (if any). This new expression (which is not yet a core expression) is

4Note that guarded constructor patterns and guarded tuple patterns are deemed to be accept-
able in the core—this is a slight deviation from [1]. Section3.6.4explains why this is done.

5Rather like in ML, where all non-curried functions take just one argument: function expres-
sions such asfn (a, b) => a are of course functions taking a tuple asargument.
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recursively translated until all non-core patterns have been dealt with. Thus
tuples and other complex patterns are translated by the other translation rules
just as if they had beenin a match by themselveswithout the constructor.

Figure 3.9gives rules for translating constructor patterns.

An example should make this clear. Translation of the expression

case exp of { MyCon(a.b, c) => Abstraction }

would causethe construction of the following (non-core) expression:

case exp of {
MyCon x =>

case x of { (a.b, c) => Abstraction }
}

where x is a freshname.

This new expressionis then recursively translated into the core.

Note how the constructor match hasbeenturned into a match acceptablein the
core:

MyCon x => ...

and a match which can be expanded using other rules:

(a.b, c) => ...

Tuple patterns

Considerable dif �culty was had with formulating rules to expressthe trans-
lation of matches involving tuple patterns. The problem here is that we may
have a complex pattern of the form

( @BA

C1D
E )

where the individual C1D
E s are not acceptablecore patterns. For example, we
might wish to have a match

(x.body, y) => FirstElementIsAbstraction
| (a, b) => FirstElementIsSomethingElse

In order to translate this to the core, following a similar method to that given in
[1] (but used there to expressthe translation of constructor patterns), we walk
over the tuple and construct a suitable expressionhaving the sameeffect asthe
input case expressionbut with all patterns acceptablein the core.

There are two distinct stagesin this processfor translating a single match in-
volving a tuple pattern to the core:
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F translation of the patterns into acceptablecore forms;

F translation of the body of the match into a core expression.

This is quite hard to formalize due to the way in which the patterns need to be
walked over in the �rst step, and the body of the match translated only once
when the patterns have beendealt with.

Notation 3.4.3 We take G1H
IKJML

N VId, O)P3QSRUTWVBX G1H
I and O)P
Y�RUTZG1H
I�J (where O3P

R

T

G1H
I means that eachvalue identi�er occurring in the guard O3P must occur
positivelyin G1H
I . [ occurs positively in itself, and in [\J^]_G1H
I , `<a�bcG�H
I or ( V�XG1H
I ) if
it occurs positively in G1H
I (respectively V�XG�H
I )).

case d�["G1J of e

(
V X

[f[�J
VBX

G1H
I ) g where O3P
Q2h = i

case [
J of e

G�H
I�J1g where O)P
Yjh = i,d�[�G

k

k

l0m

d

case d�[�G�J of e (
V X

[nG1H
I�J
VBX

G1H
I ) g where V X

O3P
h = i,d�[�G

k

lpo

d

(
l

o

caseq )

[1J fresh

case d�["G1J of e

(
V X

[r[�J
VBX

G1H
I ) g where O3P3Q
h = i

case [�J of e

G�H
I�J�g where O)P
Y�h = isd�["G

t

` = i case d�[�G�J of e8u�H
I�`�v

k

k

t

u�H
I�`�v

k

l
m

d

case d�[�G�J of e (
V X

[nG�H
I�J1VBX G�H
I ) g where V X

O3P
h = i,dw["G

t

u�H"I�`wv

k

l
o

d

(
l6o

casex )

`?yz[1J fresh

Figure 3.10:Rules involving tuple patterns not acceptablein the core.
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{�|�}•~6€•{ {�|�}�‚ƒ~0€„{�‚

case {�|"}1‚ of …

( † ‡

| ) ˆ where † ‡

‰)Š+‹ = Œ

{�|"}

•

~0Ž

case {�‚ of …

( † ‡

| ) ˆ where † ‡

‰)Š4‹ = Œ

{

•

( ~6Ž case• )

| ‚ fresh

{w|"}•~p€„{ {�|"} ‚ ~0€•{ ‚ case {�|"} ‚ of ‘�’
“�”�•

~0Ž–{ ‚ ‚

case {�|�}�‚ of …

( † ‡

| ) ˆ where † ‡

‰)Šc‹ = Œ

{�|�}

—

‘�’
“�”�•

•

~pŽ

case {�‚ of …

( † ‡

| ) ˆ where † ‡

‰3Š4‹ = Œ

{

—

” = Œ

{�‚ ‚

•

( ~ Ž casẽ�™ )

”?š

|�‚ fresh

Figure 3.11: Rules involving tuple patterns acceptablein the core.

We distinguish between two structural forms of matches: �rstly those whose
enclosing case statementstake the form 6

case {�|"}1‚ of … (
† ‡

|n}

’
“

‚

†B‡

}

’
“ ) ˆ where † ‡

‰)Šc‹ = Œ

{�|�}

•

where }

’
“

‚2›

œ VId , and secondly those taking the form

case {�‚ of …

( † ‡

| ) ˆ where † ‡

‰)Š+‹ = Œ

{

•

Observe that the second form matches an input expressionwhose match pat-
tern is acceptablein the core,whilst the �rst form matchesan input expression
whose match pattern is not acceptablein the core (due to complex patterns still
being present). The side condition on the �rst form ensuresthat only patterns
not acceptablein the core match against it.

Figure 3.10gives rules for manipulating matcheswhose �rst pattern is not ac-
ceptable in the core. The operation of rule ( ~•Ž casež ) is as follows (( ~6Ž caseŸ )
is similar). This matchesagainst expressionsof the �rst of the two forms given
above. We determine the �rst pattern in the tuple pattern which is not accept-
able in the core and construct a (non-core) expression to reduce the pattern in

6Here we are just dealing with single matchesfor the moment.
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question to a value identi�er pattern. The processis then repeatedby induction
to walk over all the tuple patterns which need transformation.

At the end of this processwe will have an expression which will have a tu-
ple pattern which now only contains patterns which are acceptablein the core
(which would match the secondof the two forms given above). Next, the rules
in Figure 3.11 are used to translate the whole generated expression (which,
although its constituent patterns are acceptable in the core, is not yet a core
expression)and the match body to the core. This yields a fully translated core
expression.

3.5 Core expression optimisation

3.5.1 Motivation

After work on the core translation algorithm was complete, it was observed
that certain expressionswere exhibiting exponential increasesin size during
the translation process.

Although it had not been previously planned, it was decided to intr oduce a
core optimization stage to reduce the size of these expressions. This would
lead to smaller core expressions,yielding various bene�ts:

  faster performance of the type inferencealgorithm and evaluator;

  increasedtestability and easierdebugging;

  shorter expressionsto report to the user when a type inferenceor evalu-
ation error occurs. This is examined further in Section4.3.

3.5.2 Substitution algorithm for optimisation

In order to implement the optimisation algorithm described below, it is nec-
essary to de�ne the operation of capture-avoiding substitution of one value
identi�er for all freeoccurrencesof another on FreshML core expressions.This
is de�ned in Appendix C.

We mutually inductively de�ne the relations ¡ O, ¡ O ¢

and ¡ O £

to simplify cer-
tain patterns of core expressionsas given in FiguresC.5 to C.7. The optimisa-
tions given are not by any meansthe bestone could do: it was all that could be
produced given the constraints of the project. Somediscussion about possible
impr ovements is deferred until the Evaluationsection.

The optimisation relation is given in Appendix C for the interestedreader.
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3.6 Type inf erence

3.6.1 Introduction

The core of the project was the design and implementation of a principal typing
algorithm for FreshML. Such an algorithm takes an expression (in the caseof
FreshML, a coreexpression)and determines the type (if any) of that expression.
A typing algorithm is said to be principal if the type it returns is the mostgeneral
type for that expression,asde�ned in De�nition 3.6.1.

De�nition 3.6.1(Most general types) For an expression ¤ having a type ¥ , ¥

is said to be the mostgeneraltype for ¤ if for eachother possible type of ¤ there
exists a substitution from type variables to types which, when applied to ¥ ,
yields this other possible type.

The axioms and rules governing the FreshML type inference algorithm are
given later in this section and also in [1]. Note that [2] uses a dif ferent typ-
ing judgement.

To determine the type of an expressionan algorithm is used to recursively walk
over the structure of the input expression. This attempts to create instances
of the axioms and rules governing the typing judgement along the way, thus
constructing a proof treefrom the bottom up.

The position of the type checker in the FreshML interpr eter pipeline is illus-
trated in Figure 2.1. Input to the type checker is an optimised core expression.

3.6.2 Types

We implement not only the types speci�ed in the FreshML paper [1] but also
tuple types. The set of FreshML types, Ty (ranged over by ¥ ), used in the
FreshML implementation is inductively de�ned by the following production:

¥ ¦ § type variable
¨

atm atom
¨

¥©¦ª¥ function type
¨

¥�«S¥�¬w¬�¬ tuple type
¨

atm . ¥ atom abstraction type
¨

¥®­�¯_° type construction
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3.6.3 Restricted types

The novel feature of the FreshML type system is that an additional judgement
is used: that relating to freshness. An atom ± is deemed to be freshfor an expres-
sion ² if ² is insensitive to the name of ± . After [1] we write

³µ´

±

to denote a restrictedtype, which not only gives the “type” of an expressionas
usual ( ³ ) but also the atoms ± known to be freshfor the expression.

3.6.4 Extra typing rules

Extra typing rules had to be invented for tuple patterns. Additionally rules
were intr oduced to deal with guarded constructor and guarded tuple patterns
dir ectly, rather than expanding them into the core language as is done in [1].
This increasesthe complexity of the type inferencealgorithm but was found to
make a very signi�cant reduction in the size of the core expressions.

Notation 3.6.1 We take ³·¶z³¹¸º¶�»�»w»·¼ Ty, ½

¶

½

¸¾¶�»w»�»·¼ RTy, ¿

¶

¿

¸

¶�»w»�»·¼ Fin(VId).

À For sets Á and Â , the set SubsÃÄÁ

¶

Â4Å denotes the set of all partial func-
tions from Á to Â , thought of as substitutionsfor elements of Â by ele-
ments of Á . One such substitution is written Æ Á©Ç3ÂÉÈ . ÊËÃ

³

Å indicates the
application of the substitution Ê to ³ .

À The set Ty is the set of FreshML types.

À The set RTy is the set of FreshML restricted types.

À The set VId is the setof all value identi�ers.

À The set TyCtxt is the set of all valid typing contexts. ( Ì

¼ TyCtxt valid
Í

Ì ok, where Ì ok is asde�ned in Section3.6.8).

À Fin( Á ) denotes the set of all �nite subsetsof the set Á .

À

Ì

¶

¿fÎ2½ denotes Ì extended to map ¿ to ½ . In the implementation this
correspondsto an overwriting operation if ¿

¼ dom ÃÄÌpÅ .

À supp( ½ ) denotes the supportof a restricted type ½ , which is the freshness
component of ½ . (Thus supp( ³+´

± ) = ± ).

À

±"± denotes ±ÉÏ„Ð�±1Ñ (where ±

¼ Fin(VId) and ±

¼ VId);

À

½
± denotes ½ with its support extended by ± ;

À

Ì

´

± denotes Ì with eachatom's support therein extended by ± ;

À “ ” denotesa “don't care” argument or result as in ML.
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3.6.5 FreshML typing judgement

As described in [1], the FreshML typing judgements take the forms

Ò„ÓSÔcÕ×Ö

for expressions;
Ò„Ó©ØÙÕ�Ö+ÚªÖ

for matches.

The typing contexts
ÒMÛ

TyCtxt are pairs Ü

Ò

ty Ý

Ò0Þjß

, where
Ò

ty maps value iden-
ti�ers to restricted types and

Ò Þ

maps eachvalue identi�er à in its domain to
a set of value identi�ers which are freshfor à .

3.6.6 Substitution axiom

The return value for eachclause of the type inferencealgorithm, such clauses
taking syntax trees

Ô

à�á , is of the form ÜÄâäã à

Ýæå

ß

, where âäã à

Û

RTy and
å

is
a partial function representing a substitution ç Ty è TyVaré which does not need
to be applied to â by the caller of the clause.

3.6.7 Uni�cation

The action of uni�cation of two types â and â¹ê in type systems such as that of
ML is typically asgiven in De�nition 3.6.2.

De�nition 3.6.2(Uni�cation) The processby which a substitution of types for
type variables,

å

Û

Sub(Ty, TyVar) can be found for two types â and â1ê such
that

å

Üëâ

ß8ì

å

ÜÄâ

ê

ß

Uni�cation algorithms are typically inductively de�ned on the structure of
types. In FreshML however we need a more powerful de�nition of uni�ca-
tion aswe have freshnessinformation aswell as “r egular ” types to deal with.
This means that we need an algorithm which takes two FreshML restricted
types â–ã à and â¹ê0ã à

ê and returns a unifying substitution for â and â1ê and
alsoa freshnesscomponent which contains the atoms which are common to

à and à

ê . To seewhy the latter is so, consider this analogy: when we unify
two types â and â

ê we are aiming to �nd a type to which both â and â
ê can be

specialised—�nding in essencethe “commonality” between the types. Hence
when we unify two freshnesscomponents à and à

ê we areaiming to �nd infor -
mation common to both components, which will be the intersection of à and

à

ê .

A suitable de�nition was constructed and is given below in De�nition 3.6.3.It
should be noted that this assumesthat the uni�cation on the “type” part â of
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restricted types of the form í„î ï is a mostgeneraluni�cation algorithm, i.e.
that the substitution ð returned is such that

ñ

ðóò\ô Sub(Ty, TyVar) õ×ö·ð$ò ò^ô Sub(Ty, TyVar) õ?ð$ò1÷•ðóò òøð•ù

where ð

ò ò

ð representsthe composition of the substitutions ð

ò ò

and ð .

De�nition 3.6.3(Uni�cation of restricted types) We de�ne the uni�cation of
restricted types íúî ï and í

ò

î ï

ò

as follows:

unifyr ûÄíµî ï6ùzí

ò

î ï

òøü$ý

û unify ûëí·ùzí

ò

ü

ù ï4þ ï

òÿü

ô û Subsû Ty ù TyVar
ü

� Fin(VId)
ü

where “unify” is the standard most general uni�cation operation of type í

�

í�� Subsû Ty ù TyVar
ü

.

3.6.8 Pseudo-code for the typing algorithm

The following sections present pseudo-code and detailed descriptions of the
implementation produced. Readerswho do not wish to inspect the details are
advised to skip to Section3.7.

Note that the algorithm producesprincipal restrictedtypes: principality for the
type component is as usual but principality for the freshnesscomponent is
ensured by returning the largest possible set of atoms7 which are fresh for a
given expression. For example, when typing a tuple type we determine the
freshnesscomponents for all the individual tuple elementsand then return the
intersectionof these—thelargestset of atoms freshfor everytuple element.

We de�ne the following:

� the function typ : TyCtxt � CExp � RTy � Subs(Ty, TyVar) which types
a core expression;

� the function typm : TyCtxt � CMatch � (RTy � RTy) � Subs(Ty, TyVar)
which types a core match;

and make the following claims about �rstly the equivalence between typ and
the inductively de�ned relations and secondly the principality of the restricted
type returned:

� typ( � , � ) = ( íµî � , ð ) �ªðUû	�

ü�


�
�×íµî � ;

�

�

ò




���×í

ò

î �

ò

� ö·ð

ò

õ��

ò

÷ û¾ð

ò

ð

ü

û��

ü��

í

ò

÷•ð

ò

ûÄí

ü��

�

ò��

� .

7The atoms, of cause,all being declared in the appropriate typing context.
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Typing of value identi�ers

The rule for typing value identi�ers given in the FreshML paper [1] is as fol-
lows8:

�

ok
�

ty ��������� � �"!
# $�%

�'&

�)(

�+*,�.- $

where
�

ok is as given in De�nition 3.6.4below (slightly rephrased from
[1]).

De�nition 3.6.4(Well-formed typing contexts) A typing context is said
to be well-formed(written

�

ok) when both of the following conditions
hold:

/10

�32

dom
�

�

ty �54

eachtype
�

ty �����62

Ty only involves type construc-
tors declared previously to the expressionbeing typed;

/10

���"78$9�52

�'&

4:�+2

dom
�

�

ty �<;=$�2>�?�+2

dom
�

�

ty �A@

�

ty ���B�C�

atm
!

.

We implement this asfollows.

/ let D

�

�

���B�

; if
�

is not found an error is raised;

/ return D

2E�

RTy
#

Subs
�

Ty
7

TyVar
�F�

.

We claim that
�

ok is ensured by eachclauseof the typing algorithm.

Typing of the new statement

The typing rule is

�

-G$

(�H

*

D

$ $EI 2

dom
�

�

ty ��J

supp
�

D

�

�)(

new
$

in
H

*

D

We implement this asfollows.

/ let
�"K

2

TyCtxt
�

�

78$L*

(atm
-NM

) and with
$

made fresh for all
�O2

dom(
�P&

);

/ let
���Q- $�7SR��52E�

RTy
#

Subs
�

Ty
7

TyVar
�T���

typ (
�

K

7

H

);

/ if
$>I 2 $

then raise an error, “Cannot deduce that
$

is freshin
H

”;

/ return (
���Q- $9�PUV�?$W!X7SR���23�

RTy
#

Subs
�

Ty
7

TyVar
�F�

.

8Note that YTZX[C\ ]A^`_ba meanseffectively “ _caCdeZgf�h ] ' for some ] ibj ] ”.
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Typing of the let statement

The typing rule is

k)l`mon,p kCqFr+n,psl�m:t�n,p9t

k)l

let
r

=
m

in
m:t

:
p9t

We implement this asfollows.

u let v

p�q8w�x5y

v RTy z Subsv Ty
q

TyVar
xFxC{

typ (
kCqTm

);

u let v

p9t|q8w}t~x5y

v RTy z Subsv Ty
q

TyVar
xFx�{

typ (
k�qTr+n,p�qTm:t

);

u return (
w

v

p•t€x•qSw�w}t

)
y

v RTy z Subsv Ty
q

TyVar
xFx

.

Typing of tuples

Empty tuples are failed immediately with an error.

For non-empty tuples, a typing rule had to be invented (since the version of
FreshML in [1] did not support tuple types). The following rule was produced:

‚BƒP„9…�†‡ƒC†�ˆQ„
k)l�m:‰Šn,p9‰Œ‹ •

k)l

v

m,Ž:q
„•„ „

qTm�•,x5n,pbŽ

z

„•„•„

z

p‘•’‹ •

We implement this asfollows.

u determine the types “•v�”

‰B‹ •9‰•xS–
y

Fin(RTy) of the tuple components (thus
obtaining substitutions from types to type variables “

w
‰

–

);

u determine the intersection of the freshnesscomponents “

•b‰—–+y

Fin(VId)
to give a set of value identi�ers

•`y

Fin(VId) ;

u return vF˜ ”

Ž

z

„•„ „

z™”

•?š›‹ •WqSw�x›y

v RTy z Subsv Ty
q

TyVar
xFx

, where
w

is the
composition of the

w"•

.
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Typing of an abstraction value

The typing rule is

œ

ty •�ž‘Ÿ� 

atm
œ)¡�¢`£X¤s¥

• ž�¦V§?žW¨:Ÿ

œ)¡

žQ©

¢`£

atm .
¤s¥

ž

We implement this asfollows.

ª let
¤b«Œ¬

Ty
 

œ

ty •	ž‘Ÿ

;

ª let ­

«�¬

Subs
•

Ty ® TyVar
Ÿ� 

unify (
¤c«

® atm);

ª let
•

¤Q¥

ž

®S­

Ÿ

¬

•

RTy ¯ Subs
•

Ty ® TyVar
ŸTŸ� 

typ ( ­

«

•

œ

Ÿ

®

¢

);

ª return ( ° atm .
¤9±�¥

• ž6²+§:žW¨:Ÿ

, ­�­

«

Ÿ

¬

•

RTy ¯ Subs
•

Ty ® TyVar
ŸTŸ

.

Notice that this returns the largestsetof freshatoms possible.

Typing of a concretion

The typing rule is

œ)¡.¢�£

atm .
¤s¥

ž9ž

œ

ty •	ž9Ÿ� 

atm
§:žW¨

¯

ž�³

œ'´

œ)¡�¢
µ

ž

£,¤Q¥

ž

We implement this asfollows.

ª let
•

¤
«

¥

ž‘Ÿ

¬

RTy
 

œ

•�ž‘Ÿ

;

ª let ­

«�¬

Subs
•

Ty ® TyVar
Ÿ� 

unify (
¤c«

® atm);

ª let
•

¤Q¥ ¶

®8­

Ÿ

¬

•

RTy ¯ Subs
•

Ty ® TyVar
ŸTŸC 

typ ( ­

«

•

œ

Ÿ

®

¢

);

ª let ·

¬

TyVar be a freshtype variable;

ª let ­

« «Œ¬

Subs
•

Ty ® TyVar
Ÿ� 

unify (
¤

® atm . · );

ª let ­�¸

¬

Subs
•

Ty ® TyVar
Ÿ� 

­

« «

­

«

­ ;

ª return ( ­
¸

•

·

Ÿ

¥

•F• ž›¹

¶

Ÿ"¦V§:žW¨:Ÿ

, ­
¸ )

¬

•

RTy ¯ Subs
•

Ty ® TyVar
ŸFŸ

.
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Typing of a function value

The typing rule is

ºC»8¼+½X¾.¿À¾bÁ	»TÂÃ½,¾�Ä�Å
½,¾bÁ

¼�»TÂ‡Æ

Ç dom(
º

ty )
º

ty È É‘ÊCË

atm
Ì

ÂWÁ	Í
Î

É`Ï

º'Ð

for all
Â�Á

Ç fv(
Å

) Ñ

Ì

¼�»FÂ"Í

º)Ä

È

fun
¼

=
Ì

Â

= Ò

Å›Í

Ê

½

È

¾`¿Ó¾bÁ

Ê'Ô É

We implement this asfollows.

Õ let Ö

Ç TyVar be a freshtype variable;

Õ let ×

Ç TyVar be a freshtype variable;

Õ let
º"Á

Ç TyCtxt
Ë

ºC»FÂ+½

Ö

ÔLØ

»8¼)½

Ö

¿

×

ÔLØ

;

Õ let
È

¾

Ô É

»SÙ

Ê

Ç

È

RTy
Î

Subs
È

Ty
»

TyVar
ÊTÊ�Ë

typ (
ºPÁ	»TÅ

);

Õ let
Ù}Á

Ç Subs
È

Ty
»

TyVar
Ê�Ë

unify (
¾c»

× );

Õ let Ú

Ç Fin(VId) be the freevariables of the function body
Å

;

Õ let Û

Ç Fin(VId) be the intersection of
º'Ð

È

Ú

Ê

for all Ú

Ç

Ú ;

Õ let
Ù�Á Á

Ç Subs
È

Ty
»

TyVar
Ê

be the composition of the substitutions arising
from unifying all Û

Ç

Û with atm;

Õ let
Ù�Ü

Ç Subs
È

Ty
»

TyVar
Ê�Ë

Ù}Á ÁÝÙ}Á€Ù

;

Õ return
È

Ù�Ü

È

Ö

¿Þ¾

Ê�Ô

Û

»

È

Ù�Ü

with all substitutions for Ö and × removed
ÊFÊ

Ç

È

RTy
Î

Subs
È

Ty
»

TyVar
ÊFÊ

.
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Typing of a function application

The typing rule is

ß)à.á�âcã�äbåBæÞäcç}è é ß)à`á•å"â,äbåcè é

ß)à�á6á•å"â,äsè é

We implement this asfollows.

ê let
ã�äQè é�ëSì å ç5í1ã

RTy î Subs
ã

Ty
ë

TyVar
çFçCï

typ (
ß�ëTá

);

ê let
ìðí

Subs
ã

Ty
ë

TyVar
ç5ï

unify (
äbë8ñEæóò

), where
ñ

and
ò

are freshtype
variables;

ê let
ã�äbåcè ô:ëSì}å å€ç5í3ã

RTy î Subs
ã

Ty
ë

TyVar
çFçCï

typ (
ß�ëFá‘å

);

ê let
ì}å å åŒí

Subs
ã

Ty
ë

TyVar
ç�ï

unify (
ä:õ:ëTäbå

);

ê let
ì�ö‡í

Subs
ã

Ty
ë

TyVar
ç�ï÷ì}å åøå€ì�å å~ì}å~ì

;

ê return
ã|ì�öAã�ä•ù?çŠèúã é›û ôüç•ëSì�ö�çýí1ã

RTy î Subs
ã

Ty
ë

TyVar
çFç

.

Typing of the case statement

The typing rule is

ß)à.á�â,þ ßÃà�ÿ â,þ

�

þ•å

ß)à

case
á

of
�

ÿ��

:
þ9å

We implement this asfollows.

ê let
ã�äQè é�ëSì�ç5íEã

RTy î Subs
ã

Ty
ë

TyVar
çTç�ï

typ (
ß�ëTá

);

ê let
ã�äbåAè ô

�

äbåøåAè �,ë8ì}å~çðíÓã

RTy î RTy î Subs
ã

Ty
ë

TyVar
çFç ï

typm
(

ìAã	ßPçüëFÿ

);

ê let
ã	ì}å å|ë �9ç5í3ã

Subs
ã

Ty
ë

TyVar
ç

î Fin(VId)
ç�ï

unifyr (
ì�å|ã�äcç}è é�ëFäbåcè ô

);

ê let
ì�ö‡í

Subs
ã

Ty
ë

TyVar
ç�ï÷ì}å åÝì}å€ì

;

ê return
ã|ì}å å|ã�äbåøå~ç'è ��ëSì�ö�çýí1ã

RTy î Subs
ã

Ty
ë

TyVar
çTç

.
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Typing of a constructor value

The typing rule is

�	��
 � 


: ([

 � ���

/

 � �

]

 � �

) � � (

 � ���������

) is de�ned by �����

�

�����

�

exists of the form: datatype

 �

�������

= � �!�#"

��$%�


 �

�

"�� � �

�	�&� $%�


 �




: (

 �

���������

) � �

We implement this as two clauses: one for nullary constructor values (those
taking no argument) and one for non-nullary constructor values. The nullary
constructor clauseusesthe insight that a nullary constructor value is fresh for
all value identi�ers in the typing context.

For nullary constructor values we do the following:

' extract the information about the constructor
��$%�

from the constructor
manager—the type constructor

�����

associatedwith it and any type vari-
ables


 � �

parameterising it (e.g. the
�

in “
�

list ”);

' allocate fresh type variables

 � �(�

for eachof the type variables

 � �

(to en-
sure they are fresh in the current context, irr espective of what the user
named them in the datatype declaration);

' extract all value identi�ers � in the typing context
�

;

' return (

 �

�)�

tcn � � , empty substitution).

For non-nullary constructor values (“ con � ”) we do the following:

' let *

� +

� �-,/.10324* RTy 5 Subs* Ty , TyVar 06017 typ (
�

,6� );

' extract the information about the constructor
��$%�

from the constructor
manager—the type constructor

�����

associatedwith it, the type of the ar-
gument

�

and any type variables

 � �

parameterising it (e.g. the
�

in “
�

list ”);

' allocate fresh type variables

 � �

�

for eachof the type variables

 � �

(to en-
sure they are fresh in the current context, irr espective of what the user
named them in the datatype declaration). In parallel with this create a
map9 from TyVar � TyVar which details which type variable has been
mapped to which freshone;

' rewrite the constructor argument type
�

to use the fresh type variables
(by using the map from the previous step), to get a new type

�-�

;

' let .

�

2 Subs* Ty , TyVar 087 unify(
�!+

,

�9�

);

' let .;:<2 Subs* Ty , TyVar 017=.

�

. ;
9Implemented using a red-black treeusing standard SML/NJ library functions.

50



> obtain the concrete type constructor argument type ? @ A)B by applying the
substitution C;D to the freshtype variables of the type constructor in order
to specialise(e.g. this might produce “ num list ” from “ A list ”);

> return ( ? @ A)B�E�F�G(H I , C;D ).

3.6.9 Typing of matches

The following algorithm typm, described by clause, takes an FreshML match
and returns its type.

Single value identi�er pattern

The typing rule is

JLKNM�O�PRQTSUOVP

B

J	Q�M

= W

SXO�PRYZP

B

We implement this asfollows:

> let
PT[

RTy \^]_A	Ha`cb (where A is a freshtype variable);

> let
J

B

[

TyCtxt \

JLKNM�OVP

;

> let ]

P

B

K

C1b

[

] RTy d Subs] Ty
K

TyVar b6b = typ ]

J

B

KeS

b ;

> return ]fCg]

P

b

YZP

B

K

C1b

[

] RTy d RTy d Subs] Ty
K

TyVar b6b .

Value identi�er pattern followed by further matches

The typing rule is

J1KNM�OhPRQ(SiOVP

B

J	QTjkOhP&YZP

B

J	QlM

= W

Snm!jkOhPRYZP

B

We implement this asfollows:

> let ]

P&YoP

B

K

CLb

[

] RTy d RTy d Subs] Ty
K

TyVar b6bL\ typm ]

J1KNj

b ;

> let
J

B

[

TyCtxt \

JLKNM�OVP

;

> let ]

P

BpB

K

CqBrb

[

] RTy d Subs] Ty
K

TyVar bNb = typ ]

J

B

K6S

b ;

> let ]sCqB B

K

Itb

[

] Subs] Ty
K

TyVar b#d Fin(VId) b = unifyr ]

P

B

KNP

B Bub ;

> let C;D

[

Subs] Ty
K

TyVar b1\=CqB BtCqBtC and ]wv�H b

[

RTy \

P

B

> return ]fC
D

]

P

b

Y

C
D

]wvRH Itb

K

C
D

b

[

] RTy d RTy d Subs] Ty
K

TyVar b6b .
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Single equality-guarded value identi�er pattern

The typing rule is

x

ty y_zt{1|

atm }

z•~i€ zT•

xƒ‚ x1„6…�†

y

atm ‡

zt{1ˆl‰

†VŠ

x

ˆ

…

where
…

|‹z

= Œ

‰

†

y

atm ‡

zt{1•

Š

We implement this asfollows:

Ž let •q•;‘ Subs
y

Ty
„

TyVar
{8|

unify (
x

ty yszt{

, atm);

Ž let
z

‘ Fin(VId)
|

x ‚

y_zt{

;

Ž let
x

•’‘ TyCtxt
|

xL„N…�†

y

atm ‡

zt{

;

Ž let
y

Š“„

•

{

‘

y

RTy
€

Subs
y

Ty
„

TyVar
{N{

= typ
y

x

•

„

‰”{

;

Ž return
y6y

atm ‡

z•{1•

•q•

y

Š

{

„

•q•u•

{

‘

y

RTy
€

RTy
€

Subs
y

Ty
„

TyVar
{N{

.

Equality-guarded value identi�er pattern followed by further matches

The typing rule is

x

ty y_zt{1|

atm }

z-~i€ zT•

xƒ‚

xL„N…–†

y

atm ‡

zt{1ˆ(‰

†hŠ x

ˆl—

†

y

atm ‡

zt{1•

Š

x

ˆ

…

where
…

|˜z

= Œ

‰i™ —

†

y

atm ‡

z�{8•

Š

We implement this asfollows:

Ž let •q• • • •’‘ Subs
y

Ty
„

TyVar
{1|

unify(
x

ty y_zt{

, atm);

Ž let
y

Š

•

Š

•

„

•

{

‘

y

RTy
€

RTy
€

Subs
y

Ty
„

TyVar
{6{L|

typm
y

x1„

—�{

;

Ž let
z

‘ Fin(VId)
|

x
‚

y_zt{

;

Ž let
y

•q•

„ š

{

‘

y

Subs
y

Ty
„

TyVar
{g€

Fin(VId)
{8|

unifyr (
y

atm ‡

z•{

„NŠ

)

Ž let
x

•’‘ TyCtxt
|

xL„N…�†

y

atm ‡

š

{

;

Ž let
y

Š

•p•

„

•q• •

{

‘

y

RTy
€

Subs
y

Ty
„

TyVar
{N{

= typ
y

x

•

„

‰”{

;

Ž let
y

•q• •p•

„ ›

{

‘

y

Subs
y

Ty
„

TyVar
{#€

Fin(VId)
{1|

unifyr (
Š

•

„NŠ

• • )

Ž let •;œ<‘ Subs
y

Ty
„

TyVar
{1|

•q• •p• •••1• • •t•q• •t•q••• and
yw•

‡

{

‘ RTy
|

Š

•

Ž return
y6y

atm ‡

š

{L•

•
œ

yw•

‡

›

{

„

•
œ

{

‘

y

RTy
€

RTy
€

Subs
y

Ty
„

TyVar
{6{

.
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Single inequality-guarded value identi�er pattern

The typing rule is

žcŸ� q¡ ¢ Ÿ¤£”¥

ty ¦

Ÿt§L¨

atm
¥L©Nª�«

¦

atm ¬

¡ ¢ Ÿ&§L­l®i«V¯

¥	­Tª

where
ª4° ¨

¡ ¢

Ÿ

= ±

®X«

¦

atm ¬a²

§L³Z¯

We implement this asfollows:

´ let µq¶

 

Subs
¦

Ty
©

TyVar
§3¨

the composition of the substitutions resulting
from “unify (

¥

ty ¦

Ÿt§

, atm)” for each
Ÿl 

¡ ¢

Ÿ

;

´ let
¥

¶

 

TyCtxt
¨‹¥L©Nª�«

¦

atm ¬

¡ ¢ Ÿ&§

;

´ let
¦

¯“©

µ

§3 

¦

RTy · Subs
¦

Ty
©

TyVar
§N§

= typ
¦

¥

¶

©6®”§

;

´ return
¦6¦

atm ¬a²

§8³

µq¶

¦

¯t§�©

µq¶rµ

§3 

¦

RTy · RTy · Subs
¦

Ty
©

TyVar
§N§

.

Inequality-guarded value identi�er pattern followed by further matches

The typing rule is

¥	­l¸k«

¦

atm ¬

Ÿ

¶

§1³o¯

ž;Ÿ� q¡ ¢ Ÿ�£%¥

ty ¦

Ÿt§1¨

atm
¥1©6ª�«

¦

atm ¬

¡ ¢
Ÿ

¡ ¢
Ÿ

¶

§1­(®U«V¯

¥	­�ª

where
ª¹° ¨º¡ ¢ Ÿ

= ±

®n»!¸k«

¦

atm ¬

¡ ¢ Ÿ

¶

§L³Z¯

We implement this asfollows:

´ let µ1¶ ¶ ¶ ¶

 

Subs
¦

Ty
©

TyVar
§¼¨

the composition of the substitutions result-
ing from “unify (

¥

ty ¦

Ÿt§

, atm)” for each
Ÿl q¡ ¢ Ÿ

;

´ let
¦N¦w½

¬ ¾

§1³Z¯“©

µ

§3 

¦

RTy · RTy · Subs
¦

Ty
©

TyVar
§6§L¨

typm
¦

¥1©6¸¿§

;

´ let µq¶

 

Subs
¦

Ty
©

TyVar
§8¨

unify
¦w½

©

atm
§

;

´ let À

 

Fin(VId)
¨º¡ ¢ Ÿ&Á

¾ ;

´ let
¥

¶

 

TyCtxt
¨‹¥L©Nª�«

¦

atm ¬ À

§

;

´ let
¦

¯

¶

©

µq¶ ¶

§3 

¦

RTy · Subs
¦

Ty
©

TyVar
§N§

= typ
¦

¥

¶

©6®”§

;

´ let
¦

µ
¶ ¶p¶

© Â•§3 

¦

Subs
¦

Ty
©

TyVar
§

· Fin(VId)
§1¨

unifyr (
¯“©N¯

¶ )

´ let µ;Ã

 

Subs
¦

Ty
©

TyVar
§1¨

µ
¶ ¶p¶ ¶

µ
¶ ¶ ¶

µ
¶ ¶

µ
¶

µ and
¦w½

¬

§3 

RTy
¨Ä¯

´ return
¦6¦

atm ¬ ¾

§L³

µ
Ã

¦w½

¶

¬

Â•§�©

µ
Ã

§# 

¦

RTy · RTy · Subs
¦

Ty
©

TyVar
§N§

.
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Tuple and constructor patterns

The algorithms for implementing guarded and unguarded tuple and construc-
tor patterns were extremely complicated and it was not certain whether they
were correct. The algorithms are thus not reproduced here.

The procedure followed is similar to that for constructor values, except there
is the additional complexity of the matches to be dealt with. Much common
code is shared between the algorithms for the various combinations of un-
guarded/guar ded and tuple/constr uctor patterns.

The main dif �culty encountered is the mixing of equality and inequality guards.
It is possible, perfectly reasonably, to write FreshML code such as:

fun f = { (a, b, c) where a = b and a <> c => a
| x => b }

The dif �culty lies in combining the rules for equality and inequality guards,
which have dif ferent structuresdue to the dif fering amount of freshnessinfor -
mation which one can infer from the two types of guards.

The implementation produced is believed to produce correct results but it has
not been fully investigated as to whether the types returned are principal.
There is somedoubt as to whether they are in all cases.

As is discussed in the Evaluationchapter, this is an area which needs further
research work.

54



3.7 Expression evaluation

The evaluation of expressions is the �nal stage in the FreshML interpr eter
pipeline, as illustrated in Figure 2.1. Before coding could begin, it was nec-
essary to de�ne how the evaluator should work. This is detailed in the next
section.

3.7.1 Dynamic operational semantics

A concrete dynamic operational semantics using environments (rather than
the very inef�cient substitution methods as used for convenience in [1]) was
formulated before coding began.

It should be noted that the �nal version of [2], which did not appear until the
project and this dissertation were nearly complete, also includes a semantics
similar to that described here. The version presented here was designed
independently and is the author 's own work .

We de�ne resultsof evaluation thus1011:

Res Å Atm of SemAtm semantic atom
Æ

Abst of SemAtm Ç Res abstraction
Æ

Con of Con Ç (Resoption) type construction
Æ

Tuple of È

Å

Res tuple
Æ

Fn of VId Ç VId Ç CExp Ç Env function closure

We de�ne the environmentEnv to be a partial function mapping value identi-
�ers to results of evaluation.

Notation 3.7.1 Here we take É”Ê6ÉVËfÊ Ì Ì!Ì1Í Resand other notation as previously.
The special token FAIL is used to indicate a failur e of evaluation.

We give the semantic rules in a style similar to that used for Standard ML [3].

The form of the semantic judgement for expressionsis

ÎÐÏ(Ñ¼Ò

É

where
Î

is an environment,
Ñ

is an expressionand É is the result of evaluating
the expression

Ñ

in environment
Î

. The form of the judgement for values is
analogous to this. For matchesthe judgement is of the form

Î

ÊNÉ

ÏcÓÕÔ�Ò

É%Ë

where É is the result of evaluating the value to be matched against and
Ô

is a
match.

10Note that semantic atoms are the type of the entities referred to by values of type atm.
11 Ö option is either NONE or SOME(× ), where × has type Ö .
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For guards we de�ne

ØÚÙcÛÝÜ”Þ�ßtà

to mean “in environment
Ø

, result
Ü

matchesguard
ß

” (where
Ü

is the result of
evaluating the subject of the guard

ß

). We write á

Û

to indicate the converse.

If no rule is found to apply to a particular expression,then the result of evalu-
ating that expressionis deemed to be FAIL.

We assumethat the input expression is syntactically correct when giving the
semantics.

The dynamic semantics is inductively de�ned by the axioms and rules in Fig-
ures3.12to 3.16.

ØÐÙcâäã�åæØTç_ã“è

(
Ù;â

vid)

ØÐÙcâéã�åêÜ ØÐÙcâäëUåkÜ”ì

ØÐÙ
â

ã)íîëUå

Abst (
Ü

,
Ü

ì

)
(

Ù;â

abst)

ØÐÙcâäï�ð%ñ¿å

Con(
ï�ð%ñ

, NONE) (
Ù;â

conò )

ØÐÙ
âéó

åêÜ

ØÐÙ
â

ï�ð%ñ
ó

å

Con(
ï�ð%ñ

, SOME
Ü

)
(

Ù;â

conô )

ØÐÙcâ

fun õ¿öø÷

ã

= ù

ó�ú
å

Fn( õ

Þ6ã’Þ
ó

ÞeØ

) (
Ù;â

fun)

Figure 3.12:Dynamic semanticsfor values.

We provide a brief commentary on the workings of the axioms and rules for
evaluation below.

Values

Value identi�ers aresimply looked up in the appropriate environment. Failure
of this processleads to failur e of evaluation.

Abstraction values are evaluated by looking the abstractedatom up in the en-
vir onment to get the corresponding semantic atom, after which the abstraction
body is evaluated and the two results returned asa pair.

Constructor values simply have the constructor argument evaluated, if one
exists, and then a result is returned pairing this result with the constructor
name.
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Function values are returned as function closures—a binding of the function
name,argument name,body and current environment—such that when a func-
tion is evaluated it is evaluated in theenvironmentof de�nition. (This is known
asstatic scoping).

ûÐücýÝþ�ÿ��

ûÐülþUÿ��

(
ü

val)

ûÐü����gÿ����	�
��� ûÐü��
�¼ÿ����

ûÐü���� ��� ���
� � � �
� ÿ

Tuple (
� ��� ���
� � � �

)
(

ü

tup)

û�� ��� �

Atm ( � ) �

ü��¼ÿ��

ûÐü

new
�

in
�äÿ��

(
ü

new)

(where � is a new semantic atom).

ûÐü��nÿ�� û�� ��� ���

�

ü����-ÿ��
�

ûÐü

let
�

=
�

in
���9ÿ��
�

(
ü

let)

ûÐü
ý

�¿ÿ

Atm ( � )
ûÐü��éÿ

Abst ( �

�
�

�

)
ûÐü������)ÿ �

�

�

�

�
�

���
�

(
ü

conc)

where
�

�

�

�

�
�

�!�
�

denotes the swappingof all
occurrencesof � and �

�

in
�

.

û^ü;ýäþRÿ�� û
�

�Xü#"%$�ÿ��
�

ûÐü

case
þ

of &

$('Ýÿ��
�

(
ü

case)

ûÐücýäþRÿ

Fn( )

�
�

�
���

�
û*�

)
ûÐü��¼ÿ��

û*�+�

)

��

Fn( )

�
�

�
���

�
û*�

)
�

��� ���

�

ü��,�“ÿ��
�

ûÐülþ-�¼ÿ��
�

(
ü

app
�

)

ûÐücýÝþ�ÿ��

�

is not of the form Fn( )

�
�

�
���

�
û*�

)
ûÐülþ.�¼ÿ

FAIL
(

ü

app / )

Figure 3.13:Dynamic semanticsfor expressions.
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Expressions

Pure values are simply passedto the value evaluation rules described above.

Tuples are evaluated by evaluating each component one by one and then re-
turning the results packaged up asa tuple result.

Atom creation constructs (new 0 in 1 ) are evaluated as follows. First a new
semantic atom is created with a unique name. Then this is bound to 0 by ex-
tending the current environment and the body 1 is then evaluated in this new
environment, giving the �nal result.

Value identi�er binding constructs (let 0 = 1 in 1
2 ) are evaluated asfollows.
First 1 is evaluated; the result is then bound to 0 by extending the current en-
vir onment and the body 1�2 is then evaluated in this new environment, giving
the �nal result.

Concretions are evaluated by evaluating the expressionto concreteand ensur-
ing that it is an abstraction (“ 354
6 ”), looking up the semantic atom 372 at which
to concrete the expressionand then returning 6 with all occurrencesof 3 and 3

2

transposed.

Caseexpressions (case 8 of 9;:=< ) are evaluated as follows. First the value 8

is evaluated. Then the match rules are invoked to match the result of evaluat-
ing 8 against the match : (seebelow).

Function applications are evaluated by �rst evaluating the �rst component of
the application itself. For evaluation to succeedthe result must obviously be a
function closure. Assuming this is so, evaluation proceeds.The environmentof
de�nition of the function (held in the closure) is extended with:

> a binding of the function's bound variable to the result of evaluating the
secondcomponent of the application itself;

> a binding of the function name to the closure.

The function body is then evaluated in this new environment to give the �nal
result.

Guards

The semantic rules for guards simply relate to matching a single guard, which
is either of the form 0 = 3 or 0@?

A%B C

3 , against a result 6 which hasbeenproduced
by evaluating the subject of the guard ( 0 in theseexamples).

The rules simply specify:

> For equality guards ( 0 = 3 ), evaluate 3 and succeedif the result equals 6 ;

> For inequality guards ( 0D?

A

B C

3 ), evaluate each 3FE

B C

3 and succeedif the
results are all not equal to 6 .
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Matches

The match rules take a result G and a match H (possibly of the form HJI;KLHNMPO
O�O )
and determine:

Q which match, if any, successfully matchesagainst G ;

Q the result of evaluating the body of the successful match (if any such
match exists).

We �rst deal with unguarded matches.

Empty matches indicate that iterating over all matcheshas failed to �nd a suc-
cessfulmatch and thus evaluation fails.

Value identi�er patterns match any value. Thus the environment is extended
to bind the pattern value identi�er to the result G and the match body is evalu-
ated in this new environment.

Tuple patterns match any tuple of the same length (as the tuple components
are just value identi�ers—see Appendix B.). Assuming the lengths of the pat-
tern tuple and the tuple G are equal, eachtuple component in the pattern tuple
is bound in the environment to the corresponding component in G . The match
body is then evaluated in this new environment.

Constructor patterns are treatedidentically to tuple patterns, exceptfor the ad-
ditional condition that the constructor namesin G and the pattern must match.

Now we note the additional conditions required when dealing with guarded
matches.Theseare in fact more simple than might be apparent from the formal
de�nition.

Guarded value identi�er patterns match if the guard condition holds.

Guarded tuple patterns match if the guard conditions hold; these conditions
may apply to some or all of the components of the tuple. If there exists some
guard condition which does not hold then the match fails.

Guarded constructor patterns follow the samelogic asguarded tuple patterns.

RTSVUXWZY

G
[ G-\%G�[

RTS^]

G
_,`!ab\

Wdc

(
S

]

eq)

e
W�fPg h W

. `

RTS
U

WiY

G
[

c#j

`!G�k \%G
[

c

RTS
]

G
_
`!a@k \

g h Wic

(
S^]

neq)

Figure 3.14:Dynamic semanticsfor guards.
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l5mon-p#q

emptymatch r FAIL (
p#q

base)

l�s tbu v�n
wxp�y

r

n
z

l5mon-pVq{t

=>
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(
p q

vid | )

}•~	€
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m
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)
p q

(
t
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ŠŒ‹
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p

q
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l
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p

q
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r
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pVq
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Figure 3.15:Dynamic semanticsfor unguarded matches.
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Figure 3.16:Dynamic semanticsfor guarded matches.
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3.7.2 Sample source code

The ML implementation of the evaluator is a verbatim translation of the formal
rules. An example piece of code, used for evaluating expressions,is included
below for perusal. The function evalExpReal is a wrapper around eval-
Exp such that debugging statementscan easily be inserted for execution upon
evaluation of an expression.

(* values *)
and evalExp (CSyx.ExpValue(v), env) = evalVal (v, env)

(* tuples *)
| evalExp (CSyx.ExpTuple(exps), env) =

Tuple(evalExpList (exps, env))

(* new expressions *)
| evalExp (CSyx.ExpNew(x, exp), env) =

let val newAtm = freshAtom ()
in

evalExpReal (exp, overwriteEnv (x,
newAtm,
env))

end

(* let expressions *)
| evalExp (CSyx.ExpLet(x, exp, exp'), env) =

let val v = evalExpReal (exp, env)
in

evalExpReal (exp', overwriteEnv (x, v, env))
end

(* concretions *)
| evalExp (CSyx.ExpConc(value, a'), env) =

(case evalVal (value, env) of
Abst(sa, v) =>

swapSemanticAtoms (sa, lookupEnvAtm (a',
env), v)

| _ => raise EvalFailedInt "Only abstraction \
values can be concreted!"

)

(* case expressions *)
| evalExp (CSyx.ExpCase(v, m), env) =

let val v' = evalVal (v, env)
in

evalMatch (v', m, env)
end
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(* function applications *)
| evalExp (CSyx.ExpApp(v, exp), env) =

let val v1 = evalVal (v, env)
val v2 = evalExpReal (exp, env)

in
(* ensure operator (v1)

is a function: *)
case v1 of

Fn (f, x, body, envOfDefn) =>
(* ... yes, so evaluate body---in

the correct environment! *)
evalExpReal (body,

overwriteEnv (f, v1,
overwriteEnv (x, v2,

envOfDefn)))
| _ => raise EvalFailedInt "Attempt to \

apply non-function!"
end

3.7.3 Top level environment and typing context issues

In the interpr eter a top level environment and a top level typing context is kept.
Every time a function declaration at the top level is parsed, its type is stored
in the top level typing context and a function closure is stored in the top level
environment.

This is required to enable futur e referencesto the function to be resolved.
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4 Evaluation

This chapter presentsdescriptions of the testing proceduresfor the FreshML in-
terpreter, together with critical analysis and assessmentof the project'ssuccess.
Additionally , information on some areaswhich causeddif �culty is presented.

The project ran fairly closely to the schedule detailed in the ProjectProposal
(included at the end of this dissertation), with the exception that the lexing and
parsing phases were pulled forwar d (in order that other modules requiring
abstract syntax trees as input could be tested by entering source text rather
than unwieldly expressionsto construct the treesthemselves)and that the type
elaboration phasetook considerably longer than anticipated. It turned out that
the evaluator was designed and coded in a correspondingly shorter time.

This dissertation was completed several days ahead of schedule.

4.1 Testing

A major dif �culty due to the nature of the project is that of test cases.Eachhas
to be individually formulated—ther e is no automated testing procedurewhich
can be applied.

Eachmodule was tested as it was written. Testswere chosento exerciseall the
clausesof the various implementations of the theoretical axioms and rules (for
example in the testing of the core translation stage,the ML clausestranslating
eachsyntactic construct were exercised).

The testing procedures threw up numerous small errors and caused iteration
of the design process:some axioms and rules had to be modi�ed asa result of
unfor eseenbehaviour or just to impr ove their method of operation.

The ultimate test would be to produce a proof that the typing algorithm is in-
deed correct with respectto the inductively de�ned typing relations, but such
a proof would be very much beyond the scopeof this project.
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4.2 Sample tests

Here we provide a few example FreshML expressionswhich were used during
testing, covering “standar d” and novel FreshML language features, together
with the corresponding output from the interpr eter.

4.2.1 Non-negative integers

Let us de�ne a unary encoding of the non-negative integers ÙPÚ†Û�ÜÝÛ�Þ
Þ�Þ,ß asZero ,
Succ(Zero) , Succ(Succ(Zero)) , etc. We can write this as an FreshML
datatype declaration:

datatype nat = Zero | Succ of nat;

Now we can de�ne a function plus , which tests various basic constructs to-
gether with unguarded constructor matches and type constructions. The fol-
lowing code de�nes this function and illustrates the addition Üµà%Ü :

let plus = fun { x =>
fun p = { Zero => x

| Succ y => Succ (p y)
}

}
in

let one = (Succ Zero)
in

(plus one) one
end

end

We feed this to the FreshML interpr eter to receivethe response:

Succ Succ Zero : nat

aswould be expected.

66



During testing a test harnesswas included to display the core expressionspro-
duced as a result of translating the input code. For this example this was as
follows (exactly asformatted by the pretty-printing module):

Core expression:
let plus = fun _b = { _c =>

case _c of
x => fun p = { _d =>

case _d of
Zero () => x

| _e => case _d of
Succ y => Succ ((p y))

end
end

}
end

} in
let one = Succ (Zero) in

let _f = (plus one) in
(_f one)

end
end

end

4.2.2 Datatype testing

Sometestsweredevised explicitly for the purpose of testing the FreshML inter -
preter's treatment of type constructions and datatypes—one of the most com-
plex areasasis evident from the various coretranslation, typing and evaluation
rules.

The FreshML code below demonstrates an encoding of lists using a polymor -
phic datatype á list and various list manipulation functions:

datatype 'a list = Nil
| Cons of 'a * ('a list);

fun cons = { (x, xs) => Cons (x, xs) };

fun head = { Cons (x, xs) => x };
fun tail = { Cons (x, xs) => xs };

fun append = { (Nil, l) => l
| (Cons(x, xs), l) => Cons (x,

append (xs, l))
};

fun mkList = { x => Cons (x, Nil) };
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fun reverse = { Nil => Nil
| Cons(x, xs) => append(reverse xs,

mkList x)
};

This and the other datatype tests passed successfully. The output from the
�nished interpr eter in this casewas:

cons = fn : ('d * 'd list) -> 'd list
head = fn : 'h list -> 'h
tail = fn : 'n list -> 'n list
append = fn : ('db list * 'db list) -> 'db list
mkList = fn : 'rb -> 'rb list
reverse = fn : 'vb list -> 'vb list

which is correct (but note Section 4.4.1). We test the evaluator by de�ning a
datatype word and run a test thus:

datatype word = humpty
| dumpty
| sat
| on
| the
| wall;

let humptyDumpty = append (Cons (humpty, Nil),
Cons (dumpty, Nil))

in
let str = append (humptyDumpty,

Cons (sat,
Cons (on,
Cons (the,
Cons (wall, Nil)))))

in
reverse str

end
end

which gives the expectedoutput:

Cons (wall, Cons (the, Cons (on,
Cons (sat, Cons (dumpty,

Cons (humpty, Nil)))))) : word list

Note how the type constructor â list has beencorrectly specialised.
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4.2.3 Capture-avoiding substitution

Two of the most complicated test expressions were two expressions to per-
form capture-avoiding substitution on ã -terms. Theseillustrate the power of
FreshML: there is no need to include checks for name clashesas there would
be in an implementation using a concrete representation of ã -terms (such as a
“traditional” implementation in ML).

The FreshML datatype Lambda encodes ã -terms thus:

datatype Lambda = Var of atm
| App of Lambda * Lambda
| Lam of atm . Lambda;

and the function sub encodesthe substitution of t for a in the ã -term s:

fun sub = { (t, a) =>
fun s = {

Var x where x = a => t
| Var x where x <> a => Var x
| App (x, x') => App (s x, s x')
| Lam x.x' => Lam (x.(s x'))

}
};

This expressionwas used during testing of the core translation stageand was
observed to exhibit a very large increasein code size from the full language to
the core. This observation initiated the creation of the core optimisation stage
described in Section3.5.

Notice the use of:

ä guarded constructor patterns;

ä tuple patterns.

Feeding the expressionto the FreshML interpr eter elicits the response:

sub = fn : (Lambda * atm) -> Lambda -> Lambda

aswould be expected.

Note how this datatype canonly representclosedã -terms, due to the fact that to
createatoms (using let ... be fresh in ) requiresthat the atom befresh
for the enclosedexpression—which meansthat it must be abstractedover. For
example, x would not be fresh for Var x (a representation of a non-closed

ã -term).
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We can illustrate the novel abstraction featuresby using the FreshML code:

let y be fresh in
let x be fresh in

x . (y . ( (sub (Var x, y))
(Lam(x . (App(Var x, Var y)))) ) )

end
end

This is an encoding in FreshML of the substitution å æVç
è—é ( æ and è being free)on
the open ê -term

êëæNì
æiè

which can be turned into a closed expressionthus:

êëæNì
êëèiìíå êëæbì�æZè—éÝå æ#ç�è—é

Using a concrete representation of ê -terms we have to ensure name-clashesdo
not occur, to avoid the erroneous result:

êëæ�ì�êëè5ìíå êëæ�ì�æZæ†é

Instead we expect a correct result, for example:

êëæ�ì�êëè5ìíå êïî½ì
îXæ†é

Indeed, the FreshML system's responseis:

d.(c.(Lam e.(App (Var e, Var d)))) : atm.(atm.(Lambda))

as expected. However , note how the sub function did not have to do any
checking for name clashes—thisis all sorted out by the language1.

An alternative implementation of sub can also be written thus:

fun sub = { t =>
fun s = { x.(Var y) where y = x => t

| x.(Var y) where y <> x => Var y
| x.(App(y,z)) => App(s (x.y), s (x.z))
| x.(Lam y.z) => Lam(y.(s (x.z)))

}
};

which is correctly typed by the interpr eter:

sub = fn : Lambda -> atm.(Lambda) -> Lambda

1Basically becausein the fourth clauseof s (de�ned inside sub ), the input term is always con-
creted at a freshname.
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4.3 Validation against requirements

By the end of the design and coding phasesthe interpr eter was substantially
complete, savefor somesmall outstanding issuesgiven below. Overall, the in-
terpretermet all the speci�cation points listed in the Preparationsection. FreshML
sourcetext could be input and interpr eted asrequired.

The �nal system did fail to give a certain FreshML test expressionfrom [1] the
correct type. It was thought that this was due to a minor error in the theory,
but such an error was not found.

The most signi�cant problem was the uncertainty surrounding the implemen-
tation of the typing algorithm for tuple and constructor matches;ascited previ-
ously this is an areawheremore research needsto be undertaken on producing
suitable typing rules.

Due to a lack of time it was not possible to implement any of the suggestedad-
ditional extensions. This was mainly due to the theoretical parts of the project
turning out to beconsiderably more complicated than was expectedat the start
of the project.

It is believed that the code correctly implements the axioms and rules in this
dissertation. It is, however, possible that there are unseen errors in the theory
presentedhere. Thesecould be caught by producing a proof of correctnessas
described in section 4.1.

However , there were a number of issuesoutstanding. During the implementa-
tion periods various “�ag” comments on minor issuesweremade in the source
code for later attention. Some of these were unfortunately not dealt with—
mostly onesrelating to ef�ciency (for example optimising a function to be tail-
recursive) or other minor points.

Someissuesremain in the current system. We highlight a few of thesebelow:

ð there remain a very few con�icts in the grammar, causing it to be neces-
sary to insert more parenthesesthan should be strictly necessary;

ð error reporting could be impr oved—in particular , ML-Lex and ML-Yacc
are guilty of having particularly poor error texts. Errors thrown in the
type checking or evaluation stageshave to be reported with respectto a
core expression,asat the moment there existsno way of relating a partic-
ular part of a core expression to the full expression from which it came.
This is a strong argument for inventing type inference and evaluation
rules that work dir ectly on the full language.

ð Looking from a perspective after having developed all the theory and the
associatedbody of knowledge, some code could probably be impr oved.
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4.4 Other impr ovements

The following sections describe a few features which were not referred to in
the Preparationsection, but which could usefully be added in futur e.

4.4.1 Renaming of type variables

A feature which was not implemented owing to lack of time was the renaming
of type variables given as interpr eter output. Theseshould strictly start at ñ

and work up. However , currently the type inference algorithm may return
results such as

append = fn : 'd list -> 'd list -> 'd list

which is correct but not asæsthetically pleasing as

append = fn : 'a list -> 'a list -> 'a list

4.4.2 In�x operators

It would be desirable to de�ne in�x operators, for example in�x + instead of
pre�x plus . This would mainly involve changesto the parsing stageand could
be implemented without a great deal of dif �culty .

4.4.3 Comments

Comments were not implemented in this project mainly due to the emphasis
on the novel aspectsof the interpr eter. As with in�x operators, this would
only involve changesto the parsing stageand could be implemented without
dif �culty .
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4.5 Impr oved optimisation

It would be possible to devise more involved optimisation rules to further re-
duce the size of core expressions. This would, however, require much care in
order not to change the meaning of a piece of FreshML code during the trans-
lation phase.

One lesson worthy of note which has been learnt from this project is that it
might be better to type-check and evaluate full FreshML expressionsdir ectly,
dispensing with the translation phase,to avoid the additional complexity and
to help error reporting asdescribed above. Indeed, those involved in FreshML
research are intending to follow this up.

4.6 Alternative semantics

There are some issuesconcerning ef�ciency in the current implementation of
the FreshML evaluator. This is mainly due to the concretion operation requir-
ing the swapping of atoms in an expression,which is an òió!ô™õ process(where

ô is the “size” of the expressionin terms of syntactic complexity).

One possible solution to this would be to design a dif ferent operational seman-
tics which modi�ed the environment and results of evaluation in such a way
that it would be possible to concretean expressionsimply by swapping point-
ers. This would involve keeping some kind of mapping between each atom
and semantic atom in the expressionbeing dealt with.

This is a possible futur e extension which it would be important to consider-
carefully when thinking about how FreshML's novel features could be incor-
porated into a more mainstream language such asML.
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5 Conc lusions

Overall the project was deemed to be a success,despite various outstanding
issues as detailed in the Evaluationsection. The very nature of the project—
a new language with typing and evaluation rules of a nature not previously
developed—meant that it was ambitious to design and implement a whole
interpr eter system. It was felt that the major achievementsof the project were:

ö the development of a FreshML principal typing algorithm;

ö the development of axioms and rules for expressing the core translation
and evaluation phases;

ö the production of a substantially complete FreshML interpr eter.

Additionally , useful insights into the workings of the FreshML system (for ex-
ample that it would be better to type-check full expressionsdir ectly) have been
gained and should be useful in futur e research.

The project has also vastly increasedthe author 's knowledge of ML, type in-
ferencealgorithms and semantics.

So what of the futur e? The theory behind FreshML is being continually de-
veloped at the Laboratory. The work produced during this project will enable
people to experiment with programming using the novel language features.
Work is aimed at eventually allowing languages such as ML to incorporate
FreshML's novel features—this would be an exciting development, particu-
larly for those in the automated reasoning and meta-programming sectors.
Somedif �cult issuesremain, such asexception handling—and this project has
shown that typing and evaluation rules working on the full syntax will save
considerable time in designing translation rules and effective ways of report-
ing errors.

Perhaps one day the language features implemented in this project may be-
come part of an everyday programming language. Only time will tell ÷
÷�÷

75



76



Bib liograph y

[1] Andr ew M. Pitts and Mur doch J. Gabbay, A Meta Languagefor Program-
ming with BoundNamesModulo Renaming(working notes; unpublished),
Cambridge, September1999.

[2] Andr ew M. Pitts and Mur doch J.Gabbay, A Metalanguagefor Programming
with BoundNamesModuloRenaming. In: R.Backhouseand J.Oliveira (Eds.)
Mathematicsof ProgramConstruction, MPC 2000, Proceedings, Ponte de
Lima, Portugal, July 2000.Lecture Notes in Computer Science(Springer-
Verlag, 2000),to appear.

[3] Robin Milner , Mads Tofte, Robert Harper and David MacQueen, TheDef-
inition ofStandardML (Revised), MIT Press,1997.

[4] Simon Peyton-Jonesand J. Hughes, Reporton the programminglanguage
Haskell98, February 1999.

77



78



A Grammar

We give below the FreshML grammar used in the interpr eter. This is not the
grammar fed to ML-Yaccbut rather a version following the style of [1] (from
where much of this is taken). For further details the reader is referred to [1]. ø

is taken to be a value identi�er ù VId.

Types ú û ü type variable
Ty ý atm atom

ý atm . ú abstraction
ý þ

û

ú type construction
ý úZÿÎú������ tuple
ý ú û ú function

Expressions �����

û

� value identi�er
Exp ý let � be fresh in ����� freshatom creation

ý let � = ����� in ����� value binding
ý

����� . ����� abstraction
ý

�����	�
����� concretion
ý ( þ

û

����� ) tuple
ý case ����� of �
����������� caseexpression
ý fun �
����������� anonymous function
ý fun � = �
����������� named (recursive) function
ý

����������� application
ý ����� constructor

Matches � �!����� û

�

��� = "

�����$#

ý�� �������	% unguarded match
Match ý

�

��� where þ

û

&!' = "

����� guarded match
#

ý�����������%

Guards &!'

û

� = � equality guard
Gd ý

�)(

*

þ

û

� inequality guard

Patterns �

��� û

� value identi�er pattern
Pat ý

�

�

�

�!� abstraction pattern
ý ( þ

û

�

��� ) tuple pattern
ý �����

#��

���+% constructor pattern
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B Core grammar

We give below the FreshML grammar for the core language, reproduced from
[1] and modi�ed slightly for this project aspreviously described. The core lan-
guageshas the samesetsof types, guards and datatypes as the full language.

, is taken to be a value identi�er - VId.

Core expressions . / 0 semantic value
CExp 1 new 2 in . freshatom creation

1 let 2 = . in . value binding
1 04352 concretion
1 ( 6

/

. ) tuple
1 case 0 of 798;: caseexpression
1 0�0 application

Core matches 8 / 2 = <=.?>@1�8BA unguarded VId match
CMatch 1 C�D�E)>F.GA = <H.�>I1�8JA unguarded constructor match

1 ( 6

/

2 ) = <K.�>L1�8JA unguarded tuple match
1 2 where M!N = <H. guarded VId match

>@1�8BA

1 C�D�EO>P.GA where 6

/

M!N = <K. guarded constructor match
>@1�8BA

1 ( 6

/

2 ) where 6

/

M!N = <H. guarded tuple match
>@1�8BA

Syntactic values 0 / 2 value identi�er
CVal 1 2RQ�0 abstraction value

1 C�D�EO>P.GA constructor value
1 fun 2 = 792 = <K.9: function value
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C Optimisation

This Appendix contains material relating to core expressionoptimisation.

Capture-a voiding substitution

Notation C.0.1 Here we take SUT CExp; VWT CVal; XLY[Z\T VId; ]+XP^4T Pat; and
_

X`^badceT Match. a�f�g is taken to be a constructor name. We de�ne the special
token REDUNDANT to indicate a redundant match exception (as in ML— a
match which can never be executed is deemed to be erroneous).

h i

S means “one or more of S ”.
h i

SRj ,
h i

Slk , mdm�m , refer to the components of
h i

S

(numbered starting from unity).
n is a partial function o VId p VId representing the substitution of value iden-
ti�ers for other value identi�ers. fv( S ) is taken to be the free variables of the
expression S . fv( n ) is taken to be the freevariables of the substitution n . fv(

h i

qFr )
is taken to be the freevariables of the guard

h i

qsr . tLu

nwv is taken to be the image
of n . Read“ x4y

nLz

u{S

v ” as“the substitution algorithm applying the substitution n

to S ”.

We presentthe algorithm x in FiguresC.1 to C.4.

The optimisation relations

We present the mutually inductively de�ned optimisation relations in Figure
C.5.
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~ •L€

denotes the list ‘ with the sub-
stitution

•

applied to it).

Figure C.1: Substitution on guards.
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(where
|w•

is de�ned in Figure C.3).
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)
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•
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š

)).

|’~ •L€�•

let
“«„ˆš

in
š�¬F†G‡®­

let
‚�„B|’~ •L€–•{š�†

in
|’~ •9~ “�£

™

‚`€¥€–•{š�¬¯†

let
“«„ˆ|4~ •L€–•{š�†

in
|’~ •L€–•{š�¬¯†

(
“)¦K§+•ƒ•w†

)

(
“©¨ ¦K§+•ƒ•w†

)

(where
‚=Š „Œ“

is a name not in fv(
•

) ª fv(
š

) ª fv(
š�¬

)).
|’~ •L€�•{“ °±‚s†G‡”|@•s~ •L€–••“s†
°±•9•ƒ‚s†

|’~ •L€�•

case
“

of ²Ž³

‚`´bµd¶¤·4†G‡

case
|@•F~ •L€�•{“F†

of ²

|@¸ ~ •L€–•

³

‚`´bµd¶+†G·

(where
|w¸

is de�ned in Figure C.4).
|’~ •L€�•{“l“P¬¯†G‡¹|

•
~ •L€–••“s†
|

•
~ •L€�•{“P¬º†

Figure C.2: Substitution on core expressions.

|@•F~ •L€�•{“F†?‡»•9•{“F†

|
•

~ •L€�•{“¤ �¼�†›‡½•ƒ•9••“s†[†? !|
•

~ •L€�•{¼	†

|
•

~ •L€�•ƒµ�¾�¿À†Ž‡”µ�¾�¿

|
•

~ •L€�•ƒµ�¾�¿Áš�†G‡”µ�¾�¿5•ƒ|4~ •L€–•{š�†[†

|@•F~ •L€�•

fn Â

‚PÃ�Ä

= Å

š�†G‡
¡ fn

‚�‚PÃ�Ä

= Å

|’~ •9~

Â

£

™

‚`€Æ€�•ƒš�†

fn Â

‚`Ã�Ä

= Å

|’~ •L€�•ƒš�†

(
‚PÃ�ÄO¦K§+•ƒ•w†

)
(

‚PÃ�Ä
¨ ¦K§+•ƒ•w†

)

(where
‚=Š „

Â is a name not in fv(
•

) ª fv(
‚`Ã�Ä

) ª fv(
š

)).

Figure C.3: Substitution on core values.
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Ë
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Figure C.4: Substitution on core matches.
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Figure C.5: The optimisation relation for expressions.
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Figure C.6: The optimisation relation for values.
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Figure C.7: The optimisation relation for matches.

87



88



Index

V

-calculus, 9
FreshML type system, 10
FreshML types, 41

Abstract syntax trees,17
Abstraction types, 10
Anonymous functions, 31
Atoms, 10

Backup strategy, 23

Capture-avoiding substitution, 10,
69

Comments, 72
Concretions, 10
Conventions, 11
Core expressionoptimisation, 40
Core language, 18,28

Datatype declarations, 27
Development environment, 21
Development model, 21

Encapsulation, 19
Envir onments, 55
Expressionevaluation, 18,55

Grammar, 79,81

Implementation, 25
In�x operators, 72
Integers, 66
Interpr eter structure, 15

Lexing and parsing, 17,26
Lists, 67

Matches, 31
Modules, 16,19

Operational semantics,55,73

Pretty-printing, 19

Project aims, 13
Prototype interpr eter, 24

Red-black trees,25,27
Requirements,13,71
Restricted types, 42

Sample tests,66
Substitution algorithm, 40

Testing, 19,65
Theory, 20
Top level environment, 63
Top level typing context, 63
Type inference,18,41
Type variables, 72
Typing algorithm, 44
Typing judgement, 43

Version control, 23

89



90



Project proposal

The original project proposal is included on the following pages.
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1 Intr oduction

The aim of this project is to produce the �rst implementation of a small lan-
guage,FML, designed by Dr Andr ew Pitts in the Computer Laboratory.

The language is an experimental language developed in association with Dr
Pitts' research into methods of reasoning about portions of code containing
variable-binding operations.

In the �rst instance it is intended to produce an interpr eter taking input from a
source�le on disk. Later it is hoped to produce an interpr etive shell into which
FML programs can be typed and evaluated. (This is not entirely trivial due to
the way the language type-checking behaves).

The project will be implemented in ML using Standard ML of New Jerseyun-
der Linux asthe development environment.

The bulk of the project is the construction of the interpr eter itself, but there
is additional work to be done in preparing a concrete syntax and operational
semanticsfor the language and in understanding the new conceptsbehind the
language.
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2 Special Resour ces

The only “special resource” is my own machine, which I shall be using for the
project.

Machine Con�guration

W 400MHz Pentium II processor

W 128Mb RAM

W 15Gbdisk space

W 4Gb SeagateSCSItape drive

W Linux operating system

Backing Up

The following precautions have been put in place to guard against hardwar e
failur e:

W Thrice-daily backups to Thor. The Thor �lespace will hold a total of three
days' snapshots(quota permitting).

W Daily backups to Pelican, holding snapshots from as long ago as disk
quota permits.

W Daily backups to tape using my machine's tape drive.
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3 Star ting Point

At presentmy knowledge of ML is limited to that learnt in Part IA of the Com-
puter ScienceTripos. As the project is getting underway I shall be enhancing
my knowledge of the language to include structured data types, the module
system and other aspectsto enableme to complete the project.

The project will also entail my learning how to use the ML-Lex and ML-Yacc
tools to provide fast generation of an ef�cient parser in ML.

To start work on much of the project also requires my understanding of the
FML language itself! The conceptsbehind the language are reasonably tricky
to understand, and there is the added dif �culty of having to understand a sig-
ni�cant amount of the research papers relating to the subject. My knowledge
of semanticsand type systemsare limited to the Part IB and Part II courseson
those subjects,respectively.

This project is the �rst interpr eter or compiler I have written and additional
reading will be required to learn more about the implementation of functional
languages,a topic which I knew nothing about before starting this project.
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4 Project Description

The FML language is described, in the wor ds of the designer, as “a meta lan-
guage for programming with bound namesmodulo renaming”. The language
is similar to a subsetof ML and has the key feature that the type system guar-
anteesthat well-typed programs are insensitive to renaming of bound names.

The aim of this project is to produce the �rst interpr eter for this new language.

To get some idea of the concepts behind FML, consider a typical “na �̈ve” ML
function de�ning the operation of capture-freesubstitution, usually donated by
something like XZY [�\�]_^ , where X is a ` -term:

datatype Lambda a Var of string
b

App of Lambda c Lambda
b

Abst of string c Lambda;

fun sub [�] (Var d ) a if d<ae] then [

else Var( d )
b

sub [�] (App( f%g9h�ijf-kml )) a App(sub [n]<f%g9h ,
sub [�]<f�kml )

b

sub [�] (Abst( godpiqg9r�sut )) a Abst( god , sub [�]�gvr�s�t );

This may well fail (the failur e manifesting as an incorrect result) due to the
thir d clause when presentedwith input causing capture of free variables. To
check for such problems requiresa reasonableamount of additional code.

In FML it is easy to write a program insensitive to the names of the bound
variables in the ` -terms being representedby the meta language; w -conversion
is automatically performed by the language asappropriate to ensure a correct
substitution function without the need for the writer to worry about variable
capture,etc.

The projectbreaksdown into severaldistinct stages,whose scheduled datesof
work are given in the next chapter.
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The initial stagesconsist of requirementsanalysis, understanding the FML lan-
guage (including evaluation semanticsand typing rules) and design of the in-
terpreterstructure. Issuessuchasthe representationof the FML abstractsyntax
treeswill need to be considered at this stage.

In addition a very small functional-style language will be implemented in the
initial stageswith just a couple of constructs, in order to gain more experience
at implementing functional languagesbefore the main coding starts.

Furthermor e a concrete syntax of the FML language needsto be speci�ed; the
current research paper proposesa syntax which has some non-standard con-
structs which would more usefully be written slightly dif ferently for easeof
comprehension of FML code. The operational semanticsspeci�ed in the paper
also needs a more concrete speci�cation (for example to use an environment
rather than performing substitutions during function applications).

Somefeaturesneed adding to the existing language to produce a useableinter -
preter, in particular integers and strings!

Major parts of the interpr eter are:

x the top-level front end (including the reporting of error messages);

x the lexical analyser;

x the parser;

x the translator to convert to core FML;

x the type checker;

x the evaluator.

In the coding period, it is intended to start work on the abstract syntax tree
de�nitions for FML and produce the translator to core FML, the type checker
and the evaluator. These are the most complicated parts of the project and
hencearescheduled aheadof easierparts such asthe production of a lexer and
parser.

Should time permit, there are somepossible extensions:

x an interactive top-level shell;

x investigating good ways of presenting error messagescaused, say, as a
result of the input of an untypable program;

x implementation of ML-style let -bound polymorphism.
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5 Schedule of Work

Thu 7 Oct Start of lectures
Mon 11 Oct PhaseI form deadline
Fri 15Oct Draft proposal deadline
Fri 22Oct Proposal deadline

Start initial stages: Requirements analysis, understand-
ing FML typing and semantics,preparation of a concrete
syntax and operational semantics,preparation of the de-
velopment environment, implementation of a very sim-
ple functional language.

Fri 19Nov Aim to have initial preparatory work complete.
Coding: Abstract syntax tree datatypes, start work on
core translator.

Fri 3 Dec Full Termends
Wed 8 Dec Residenceperiodends

Aim to have translation done by now.
Start on type inference.

Xmas - New Yr. Holiday
Thu 13Jan Residenceperiodstarts

Aim to have type inferencealgorithm working.
Tue 18Jan Full Termstarts

Start work on evaluator.
Fri 21Jan Write progress report .
Fri 28Jan Have progressreport �nished.

Aim to have evaluator �nished by now.
Start work on lexer and parser.

Fri 4 Feb Progress report deadline
Fri 18Feb Aim to have code �nished.

Get code to Dr Pitts.
If time permits, write interactive shell and any other ex-
tensions.

Fri 3 Mar Coding completed. Testing to start.
Fri 17Mar Full Termends.
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Testing to have beencompleted.
Start writing dissertation.

Wed 22Mar Residenceperiodends.
EasterVac. Continue writing dissertation.
Thu 20Apr Residenceperiodstarts.

Get draft dissertation to Dr Pitts.
Tue 25Apr Full Termstarts.
Fri 5 May Final dissertation to Dr Pitts (at the latest).

Final corrections.
Printing and binding.

Fri 12May Dissertation completed and handed in.
Fri 19May Dissertation deadline .
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